
RESEARCH ARTICLE
10.1002/2017WR020782

Improved Nested Sampling and Surrogate-Enabled
Comparison With Other Marginal Likelihood Estimators
Xiankui Zeng1 , Ming Ye2 , Jichun Wu1 , Dong Wang1 , and Xiaobin Zhu1

1Key Laboratory of Surficial Geochemistry, Ministry of Education, School of Earth Sciences and Engineering, Nanjing
University, Nanjing, China, 2Department of Earth, Ocean, and Atmospheric Science, Florida State University, Tallahassee,
FL, USA

Abstract Estimating marginal likelihood is of central importance to Bayesian model selection and/or
model averaging. The nested sampling method has been recently used together with the Metropolis-
Hasting (M-H) sampling algorithm for estimating marginal likelihood. This study develops a new imple-
mentation of nested sampling by using the DiffeRential Evolution Adaptive Metropolis (DREAMzs) sam-
pling algorithm. The two implementations of nested sampling are evaluated for four models of a
synthetic groundwater flow modeling. The DREAMzs-based nested sampling outperforms the M-H-based
nested sampling in terms of their accuracy, convergence, efficiency, and stability, which is attributed to
the fact that DREAMzs is more robust than M-H for parameter sampling. The nested sampling method is
also compared with four other methods (arithmetic mean, harmonic mean, stabilized harmonic mean,
and thermodynamic integration) commonly used for estimating marginal likelihood and posterior proba-
bility of the four groundwater models. The comparative study requires hundreds of millions of model
executions, which would not be possible without using surrogate models to replace the original models.
Using the arithmetic mean estimator as the reference, the comparison reveals that thermodynamic inte-
gration outperforms nested sampling in terms of accuracy and stability, whereas nested sampling is
more computationally efficient to reach to convergence. The harmonic mean and stabilized harmonic
mean methods give the worst marginal likelihood estimation. Accurate marginal likelihood estimation is
important for accurate estimation of posterior model probability and better predictive performance of
Bayesian model averaging.

1. Introduction

Multimodel analysis has been used for quantifying conceptual model uncertainty in groundwater modeling,
when there are multiple models plausible for simulating a system of interest based on available data and
information (Bredehoeft, 2005; Chitsazan et al., 2015; Dai et al., 2017; Diks & Vrugt, 2010; Elshall & Tsai, 2014;
Fang & Li, 2016; Lu et al., 2015; Neuman, 2003; Poeter & Hill, 2007; Refsgaard et al., 2006; Troldborg et al.,
2010; Xue & Zhang, 2014; Xu & Valocchi, 2015; Ye et al., 2010b, 2016). The multimodel analysis considers
several plausible conceptual-mathematical models, M5[M1, M2, . . ., MK] (K being the number of alternative
models), and evaluates a weight for each model for obtaining an averaging prediction. Bayesian model
averaging (BMA) implements multimodel analysis within a Bayesian framework, and the BMA posterior dis-
tribution of prediction variable, D, is given as (Draper, 1995; Hoeting et al., 1999):

pðDjDÞ5
XK

k51

pðDjD;MkÞpðMk jDÞ; (1)

where p(DjD, Mk) is the probability density function of D given observation D and model Mk, and p(MkjD) is
the posterior probability of model Mk. In BMA, the posterior model probability is evaluated using the Bayes’
theorem,

pðMk jDÞ5
pðDjMkÞpðMkÞXK

i51

pðDjMiÞpðMiÞ
; (2)
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where p(Mk) is prior probability of Mk, and p(DjMk) is the marginal likelihood function used to measure to
what extent the observations can be simulated by model Mk. The marginal likelihood, also called integrated
likelihood or Bayesian model evidence, is defined as

pðDjMkÞ5
ð

pðDjh;MkÞpðhjMkÞdh; (3)

where p(Djh, Mk) is the joint likelihood function of parameter hk and model Mk, and p(hjMk) is parameter
prior density function. Estimation of the marginal likelihood is the focus of this study, as it is indispensable
to evaluate the posterior model probability.

Since analytical solutions of the multivariate integral of equation (3) do not exist in practice, it is necessary
to numerically evaluate the integral (Liu et al., 2016; Schoniger et al., 2014). A number of numerical methods
have been developed for the numerical evaluation, and according to Kass & Raftery (1995), they can be
divided into two categories: Laplace approximation and Monte Carlo (MC) simulation. Both the Bayesian
Information Criterion (BIC) (Schwarz, 1978) and the Kashyap Information Criterion (KIC) (Kashyap, 1982) used
for evaluating posterior model probabilities can be derived using the Laplace approximation method (Ye
et al., 2008, 2010a). The Laplace approximation method is computational frugal, and public-domain software
(e.g., UCODE, PEST, and iTOUGH2) are available for evaluating BIC and KIC. However, the Laplace approxima-
tion method requires that the joint likelihood, p(Djh, Mk), has only one significant peak at the maximum like-
lihood estimate of model parameters, and that higher order (higher than two) derivatives of the logarithm
of the joint likelihood function with respect to model parameters are small (Sivia & Skilling, 2006). These
requirements may not be satisfied for multimodal joint likelihood function and/or nonlinear models, which
is not uncommon in hydrologic modeling (Marshall et al., 2005; Schoups & Vrugt, 2010; Shi et al., 2014). For
this reason, it has been reported in literature that numerical estimates of the marginal likelihood using BIC
and KIC may be biased and contradictory (Foglia & Mehl, 2013; Foglia et al., 2013; Schoniger et al., 2014).

The MC methods are not subject to the limitations of the Laplace approximation methods, and are thus theo-
retically more suitable for evaluating the marginal likelihood in practical groundwater modeling. Two popular
MC methods have been used to approximate the marginal likelihood by evaluating the arithmetic mean esti-
mator (AME) or the harmonic mean estimator (HME) of the joint likelihood, pðDjh;MkÞ (Kass & Raftery, 1995).
However, AME, also known as the simple MC integration or brute-force MC integration, suffers from slow con-
vergence rate because the method generates samples from prior parameter space. HME does not have this
problem, as it estimates the marginal likelihood using samples from posterior parameter space. However, it
has been well known that HME is unstable, because its value is dominated by the samples with small joint
likelihood values (Kass & Raftery, 1995; Liu et al., 2016). To resolve the instability problem, Newton & Raftery
(1994) developed a stabilized harmonic mean estimator (SHME) that uses importance sampling to generate
samples from a mixture of prior and posterior parameter space. This mixture however is subjective, and SHME
still suffers from the stability problem as shown in the numerical example below.

In the last decade, more advanced MC methods have been developed to estimate the marginal likelihood.
Marshall et al. (2005) computed the marginal likelihood using parameter samples, hmax, that has the maxi-
mum posterior density. While this method is easy to implement, its result is influenced by the estimation of
posterior ordinate and by the accuracy of estimating hmax especially for high-dimensional models with
many parameters. Elsheikh et al. (2013) used the nested sampling estimator (NSE) to compute the marginal
likelihood for groundwater flow model selection. To alleviate the difficulty associated with numerical evalu-
ation of the high dimensional integral, in NSE, equation (3) is transformed into a one-dimensional integral
of L(X) with respect to X by nested sampling, where X is a prior mass and L(X) is the likelihood threshold cor-
responding to X. The one-dimensional integral is then estimated by numerical methods (e.g., the trapezoid
rule of integration). While NSE is computationally efficient, its results are unstable or inconsistent in that
repeated calculations of NSE have large variability, as reported in Liu et al. (2016) and Schoniger et al.
(2014). This is attributed to the random nature in determining L(X) based on parameter sampling. Therefore,
it is necessary to use advanced parameter sampling methods for improving NSE with respect to its stability
and computational efficiency.

This study has two objectives. The first one is to improve NSE by changing its sampling approach. The cur-
rent implementation of NSE searches the parameter space from low to high likelihood areas gradually, and
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at each searching step, parameter samples are generated by using a constrained local sampling procedure.
Thus, NSE efficiency is dominated by the strength of the local sampling procedure. Elsheikh et al. (2013)
used the Metropolis-Hasting (M-H) algorithm for the local sampling, and Schoniger et al. (2014) made two
modifications. One modification is to use the ratio of prior probabilities (instead of the likelihoods ratio of
the conventional M-H methods) as the acceptance probability for parameter sampling. This is to ensure
that the proposed samples are consistent with their prior distributions. The other modification is to termi-
nate the local sampling either when the estimated marginal likelihood converges to a stable value or when
a new sample cannot be generated before a user-specified maximum iteration number is reached. Liu et al.
(2016) developed two additional modifications to the local sampling procedure to improve the NSE effi-
ciency. One modification is to use the block-wise updating strategy for the proposal function of the M-H
methods, and the other modification is to use a randomized step-size reduction factor for the start-over of
the local sampling. However, despite of the modifications, it has been well known that the M-H methods
are not efficient for high-dimensional and/or complicated parameter space (Vrugt et al., 2003). As stated by
Liu et al. (2016), the modifications to the M-H methods are inadequate to substantially improve the sam-
pling efficiency of NSE, especially at the late stage of NSE when it is difficult to generate parameter samples
with large L(X) values. Therefore, it is necessary to replace the M-H sampling algorithm by a more robust
and efficient sampling algorithm. In this study, this is done by using the differential evolution adaptive Met-
ropolis (DREAMzs) method (Laloy & Vrugt, 2012), a state-of-the-art sampling method used in hydrologic
uncertainty quantification. The integration does not use DREAMzs in the conventional way of estimating
posterior parameter distributions, but requires a new way of using DREAMzs for NSE. More specifically,
DREAMzs is use not to infer posterior parameter distributions but to generate L(X). The details of integrating
DREAMzs into NSE are given in section 2 of this paper.

The other objective of this study is to compare the DREAMZS-based NSE with other MC methods. In addition
to AME, HME, and SHME discussed above, this study considers the thermodynamic integration estimator
(TIE) developed by Neal (2000) and Lartillot & Philippe (2006), which was recently introduced to the hydro-
logic community by Liu et al. (2016). Instead of using prior samples as in AME, posterior samples as in HME,
and the mixture of prior and posterior samples as in SHME, TIE gradually explores the parameter space from
prior to posterior through path sampling. More details of TIE implementation are given in section 2 below.
Although the comparison between AME, HME, NSE, and TIE, made by Lartillot & Philippe (2006), led to the
conclusion that TIE is superior to the other MC methods, the conclusion was not for groundwater models. It
is therefore necessary to extend the comparison to groundwater models so that the groundwater commu-
nity is better informed on the strengths and weaknesses of the various MC methods.

The reason that the comparison of MC methods has not been done for groundwater models is attributed
to the high computational cost of the MC methods. For example, in the comparison made by Liu et al.
(2016), the evaluation of convergence and stability of AME and TIE required millions of model runs. In
order to overcome the computational burden, this study uses accurate but cheap-to-compute surrogate
models of the original groundwater models for the MC simulations. The sparse grid (SG) stochastic collo-
cation methods are used in this study to develop the surrogate models, because it has been demon-
strated that the SG methods are efficient and effective for groundwater flow models (Zeng et al., 2016)
and solute transport models (Zhang et al., 2013, 2015). The SG surrogate models are built based on
Smolyak collocation method (Smolyak, 1963) and hierarchical interpolation method (Bungartz & Griebel,
2004). The key idea of the SG method is to generate a sparse grid in the model parameter space with a
small number of SG nodes, each of which is a point in the parameter space (Barthelmann et al., 2000).
The original model (e.g., a groundwater model) is executed only for the SG nodes to build the SG surro-
gate model using polynomials. After the surrogate model is built, model execution in the parameter space
is not done by running the original model but by running the surrogate model. The computational cost
of running the surrogate (mainly for evaluating polynomials) is negligible in comparison with that of
running the original model. The computational efficiency of SG method is discussed in sections 3 and 4
below.

By using SG surrogate models to break the computational barrier, this study compares the improved NSE
with AME, HME, SHME, and TIE in terms of convergence, accuracy and stability. Convergence is evaluated by
detecting the number of samples needed for accurately estimating the marginal likelihood. Accuracy is eval-
uated by comparing the MC estimates with the reference value obtained by using AME. AME is suitable for
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evaluating the reference value, because AME converges to the theoretical value of marginal likelihood if the
number of samples is large enough (Liu et al., 2016; Schoniger et al., 2014). Stability is evaluated by compar-
ing the variability of repeated estimations of the marginal likelihood. The comparison of convergence, accu-
racy, and stability is done in an empirical manner through a numerical experiment of synthetic groundwater
flow modeling. Four alternative models are constructed, and BMA is conducted. The impacts of the different
marginal likelihood estimators on predictive performance of BMA are examined in section 5 below.

The remainder of this paper is organized as follows. In section 2, we provide a brief description of the MC
methods used in this study. This section also defines the statistical metrics used for evaluating accuracy of
SG surrogates and predictive performance of BMA. The synthetic groundwater model and its alternatives
are described in section 3. This section also includes the development of the surrogate models and the eval-
uation of their accuracy. The comparison between the M-H-based and DREAMZS-based NSE are described in
section 4. The evaluation of the five marginal likelihood estimators is presented in section 5, followed by a
discussion in section 6. Major conclusions of this study are given in section 7.

2. Methodologies

This section briefly describes in section 2.1 the procedure of Markov chain Monte Carlo (MCMC), which is
needed for HME, SHME, M-H-based NSE, DREAMZS-based NSE, and TIE. Section 2.1 also includes a brief
description of building SG surrogate models of nonlinear models and of the criterion used to evaluate accu-
racy of the SG surrogate models. The five marginal likelihood estimators are given in section 2.2, followed
by the description of integrating DREAMzs into NSE in section 2.3. Section 2.4 defines the statistical criteria
used to evaluate the impacts of marginal likelihood estimator on BMA predictive performance.

2.1. Markov Chain Monte Carlo (MCMC) Simulations and SG Surrogate Models
Based on the concepts of importance sampling and rejection sampling, MCMC simulations generate sam-
ples of model parameters h5[h1, h2, . . ., hl] from the parameter posterior probability distribution, p(hjD),
where D denotes observations. This is done by constructing Markov chains, and the samples are generated
after the chains converge to the stationary posterior distribution by continuously exploring the probability
space of h using the Bayes’ theorem (Box & Tiao, 1992)

p hjDð Þ5 L hjDð Þp hð Þð
L hjDð Þp hð Þdh

; (4)

where p(h) is the prior parameter probability distribution, and L(hjD) is the likelihood function of h. The
most commonly used likelihood function is the multivariate normal distribution,

L hjDð Þ5 1

2pð ÞN=2jRj1=2
exp 2

1
2

D2f hð Þð ÞT R21 D2f hð Þð Þ
� �

; (5)

where N is the number of observations, f(h) is model output, and
P

is the covariance matrix of residual,
D2f(h). This Gaussian likelihood function is used in this study. Among various MCMC sampling algorithms,
DREAMzs is one of the state-of-the-art algorithms for uncertainty analysis in hydrologic modeling, especially
for multi-dimensional and high-nonlinear problems (Laloy & Vrugt, 2012; Lu et al., 2014; Shi et al., 2014;
Wohling & Vrugt, 2011). DREAMzs is used in this study, and the detailed description of DREAMzs is referred
to Laloy & Vrugt (2012), Vrugt & Ter Braak (2011) and Vrugt et al. (2009).

The MCMC simulation is computationally expensive, because it requires thousands, sometime hundreds of
thousands, of executions of the nonlinear model, f(h). To reduce the computational cost, it has become pop-
ular to first build an accurate but cheap-to-run surrogate model for the original model, and then use the
surrogate model in the MCMC simulation. In this study, the surrogate models are built by using the SG
methods, which are based on the hierarchical Lagrange interpolation and Smolyak rule (Bungartz & Griebel,
2004; Klimke, 2006). The coefficients used in the hierarchical Lagrangian interpolation are determined by
running the original model at interpolation points (SG nodes) in the parameter space. At other points in the
parameter space, the hierarchical Lagrange interpolant is used to approximate f(h) by using the values of
f(h) evaluated at the SG nodes. In other words, the response surface of f(h) � h is generated by using the
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interpolant evaluated only at the SG nodes. The key to the SG methods is to use the Smolyak rule to deter-
mine the SG nodes that are sparse in the parameter space but critical to interpolation accuracy. The number
of SG nodes can be further reduced by using adaptive grid refinement, in which necessary SG points are
determined only in the region of the parameter space critical to improve interpolation accuracy. The details
of the adaptive sparse grid stochastic collocation method are given in Appendix A.

While the SG methods have their own criteria for determining interpolation accuracy during the process of
building surrogate models, we take an extra step to evaluate the accuracy of surrogate models by comput-
ing the determination coefficient (R2) and root mean square error (RMSE) by comparing model simulations
(e.g., groundwater heads, log-likelihoods, and other predictions) obtained using the surrogate models with
those obtained using the original models (Zhang et al., 2015, 2016).

2.2. Five Estimators of the Marginal Likelihood
This section presents the formulas of AME, HME, SHME, NSE and TIE for a single model, Mk. AME is evaluated
via (Kass & Raftery, 1995)

p DjMkð Þ � 1
m

Xm

i51

p Djhi;Mkð Þ; (6)

where hi is a sample from the prior parameter space of model Mk. Generating the prior samples can be
done without using MCMC simulations. HME is evaluated via (Kass & Raftery, 1995)

p DjMkð Þ � 1
m

Xm

i51

p Djhi;Mkð Þ21

( )21

; (7)

where hi is a sample from the posterior parameter space of model Mk. The posterior samples are generally
generated using MCMC simulations. SHME also estimates the marginal likelihood using equation (7), except
that its parameter samples are generated from the mixture of the prior and posterior parameter space, and
the probability density, p*(h), of h, is defined as (Kass & Raftery, 1995),

p� hð Þ5dp hð Þ1 12dð Þp hjDð Þ (8)

where 0< d< 1 is the proportion coefficient.

TIE uses parameter samples generated gradually from the prior parameter space to the posterior parameter
space. This is achieved by the path sampling (Gelman & Meng, 1998; Neal, 2000) to determine unnormalized
power posterior defined for any 0 � b � 1 as qbðhÞ5pðDjh;MÞbpðhjMÞ, which is a continuous and differen-
tiable path in the parameter space. For b 5 0 and b 5 1, we have q0ðhÞ5pðhjMÞ and q1ðhÞ5pðDjh;MÞ
pðhjMÞ, indicating that TIE samples the prior and posterior parameter space, respectively. For 0< b< 1, the
likelihood surface is smoothed out to explore the parameter space specific to b. For a discrete b value (bk),
MCMC simulations are conducted, and the samples are used to compute the expectation, Ek, of the logarith-
mic of the joint likelihood via (Liu et al., 2016)

Ek5Ebk
ln p Djh;Mkð Þ½ �5 1

m

Xm

i51

ln pbk
Djhi;Mkð Þ; (9)

where m is the number of MCMC samples for the power posterior corresponding to bk. Using the Ek values,
the marginal likelihood is calculated using the trapezoidal rule as (Liu et al., 2016)

p DjMkð Þ � exp
Xn

k52

bk2bk21ð Þ Ek1Ek21

2

" #
; (10)

where n is the number of discrete b values. The derivation of equations (9) and (10) is given in Appendix B.

NSE evaluates the marginal likelihood by transforming the multi-dimensional integral of equation (3) into
the one-dimensional integral (Skilling, 2006)

p DjMkð Þ5
ð

p Djh;Mkð Þp hjMkð Þdh5

ð1

0
L XjD;Mkð ÞdX; (11)
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where L is the joint likelihood function for the cumulative prior mass, X, defined as

X kð Þ5
ð

L hjD;Mkð Þ>k
p hjMkð Þdh (12)

k being a likelihood threshold value, and dX 5 p(hjM)dh. The one-dimensional integral of equation (11) can
be approximated by using the trapezoidal rule via,

p DjMkð Þ �
Xm

i51

L Xið Þ1L Xi21ð Þ
2

� Xi212Xið Þ (13)

where m is the number of discrete Xi, and L(Xi) is the corresponding likelihood value. Note that X0 5 1. Given
that X decreases from 1 to 0 when L(X) increases, the basic idea of implementing NSE is to iterate inward in
X from 1 to 0 and correspondingly upward in L(X) in order to explore the joint likelihood surface. Accord-
ingly, a set of Xi points are assigned in the order of 0< Xm< . . .< X2< X1< 1 (Elsheikh et al., 2014; Skilling,
2006). The MC-based iterative evolution of Xi and L(Xi) can be decomposed into two components, nested
sampling and constrained local sampling (Elsheikh et al., 2013). The component of nested sampling is sum-
marized as follows (Skilling, 2006):

1. Construct an active set with the size of Nas to start the nested sampling. The parameter samples of the
active set are generated from the prior parameter space, and the joint likelihood values corresponding
to the samples are calculated. The minimum joint likelihood value in S is denoted as Lworst.

2. Evolve the active set iteratively for MS times, i.e., the number of discrete Xi and L(Xi) used in equation (13).
For the i-th iteration (i 5 1, 2, . . ., MS), a new joint likelihood satisfying the hard constraint, L(h*jD,
Mk)> Lworst, is generated in the way discussed in section 2.3 below, and Lworst is replaced by L(h*jD,Mk).
The replaced Lworst is used as L(Xi), and Xi is determined as Xi 5 exp(-i/Nas).

3. Repeat step (2) for MS times until a user-specified termination criterion (e.g., the maximum number of
groundwater model executions) is reached.

4. Estimate the marginal likelihood via equation (13) using all the Xi and L(Xi) values.

Generating L(hjD,Mk)> Lworst in step (2) is critical to efficiency and accuracy of NSE, and the generation is
done by the constrained local sampling discussed below.

2.3. Integrate DREAMzs into NSE
The simplest way of obtaining L(hjD,Mk)> Lworst is to generate samples in the prior parameter space to find
sample h* that satisfies L(h*jD,Mk)> Lworst. This however is computationally expensive, if not infeasible. The
computational cost can be reduced by using the M-H algorithm and the modifications discussed in
the introduction. To further reduce the computational cost and to increase stability of NSE, this study uses
the DREAMzs algorithm to generate parameter samples h* that satisfy L(h*jD,Mk)> Lworst.

Different from the conventional use of DREAMzs for inferring posterior parameter distributions, this study
introduces three special features for using DREAMzs to implement NSE. The first feature is that the DREASzs
run for NSE does not need to be a complete run in the following two senses. First, the DREAMzs run uses
short Markov chains (e.g., with 100 samples) for finding parameter samples h* that satisfy L(h*jD,Mk)> Lworst.
This differs from the conventional DREAMzs runs that use long chains with thousands of samples generated.
In addition, the use of DREAMzs for NSE skips the burn-in period that is needed in a complete DREAMzs run
to tune a number of variables (e.g., probability distribution of crossover probability) specific to DREAMzs
(after the burn-in, these variables are fixed at the tuned values for generating posterior parameter samples).
The burn-in period may require a large number of model executions, and it is computationally expensive to
have the burn-in period in the DREAMzs run for determining every L(Xi). On the other hand, the burn-in
period is unnecessary, since the only purpose of using DREAMzs for NSE is to generate parameter samples
h* that satisfy L(h*jD,Mk)> Lworst. Therefore, for the use of DREAMzs in NSE, burn-in is conducted only once
before the NSE calculation, and the tuned values of the DREAMzs-specific variables are used to generate
parameter samples h* that satisfy L(h*jD,Mk)> Lworst. The generated samples may not be from the posterior
parameter distributions, and this is desirable for NSE calculation. This way of using DREAMzs still utilizes
DREAMzs for its efficiency of generating new samples. Since this way of using DREAMSzs does not require
modifying the DREAMzs algorithm, the details of the algorithm are not given here but referred to Laloy and
Vrugt (2012); Vrugt and Ter Braak (2011); Vrugt et al. (2009).
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The second special feature of using DREAMzs to implement NSE is that, when generating h* using DREAMzs,
the ratio of prior probabilities (rather than the likelihood ratio or the posterior ratio used in the original
DREAMzs code) is used as the acceptance ratio of DREAMzs. This prior ratio was used by Schoniger et al.
(2014) and Liu et al. (2016) to avoid the problem that the low likelihood area of h space is insufficiently
explored, i.e., L(h*jD,Mk) becomes large too quickly after a small number of evolution iterations in step (2)
above. This adjustment is important, when L(h*jD,Mk) is high, because finding a new L(h*jD,Mk) to replace
Lworst requires more model execution and thus is computationally expensive.

The third special feature of using DREAMzs to implement NSE is how to start a DREAMzs run for each of the
Ms iterations in step (2) above. In each of the iterations, since the burn-in period is skipped, the DREAMzs
run for NSE starts with a parameter sample generated from the prior distribution to avoid the problem that
L(h*jD,Mk) becomes large too quickly. If five repetitions of using the prior samples cannot generate new
parameter samples h* that satisfy L(h*jD,Mk)> Lworst, the DREAMzs run for NSE starts by using a posterior
sample obtained in the complete DREAMzs run that includes the burn-in period. If the desired h* still cannot
be generated in this way for five times, the DREAMzs run for NSE starts using a parameter sample from the
last evolution of the active set, which is similar to start of the M-H algorithm in Elsheikh et al. (2013), and
this way of running DREAMzs will start over repeatedly until the larger L(X) value is found or the termination
criterion is reached.

2.4. Evaluate BMA Predictive Performance
Two measures are used in this study to quantify the predictive performance of BMA in the context of cross-
validation. The measures are log-score and ranked probability score (RPS), with the former concerning
entire predictive distribution and the latter emphasizing on the position and shape of the predictive distri-
bution. After model probabilities of K alternative models are evaluated using observation D, these models
are used to make np predictions D�1; . . . ;D�np

� �
. By assuming that these np predictions are independent, the

corresponding log-score of BMA is defined as

log-score52log p D�1; . . . ;D�np
jD

� �
52

Xnp

i51

log
XK

k51

pðD�i jD;MkÞpðMk jDÞ
" #

; (14)

Where pðD�i jD;MkÞ is the posterior predictive probability of D�i for model Mk. For each model, p D�i jD;Mk
� �

is
computed via

p D�i jD;Mk
� �

5

ð
p D�i jh;Mk
� �

p hjD;Mkð Þdh5
1
n

Xn

l51

p D�i jhl;Mk
� �

: (15)

where hl is parameter samples from the posterior distribution, p hjD;Mkð Þ, obtained using MCMC, and n is
the number of the samples. A smaller log-score value indicates a better BMA predictive performance.

Ranked probability score (RPS) is defined as (Duan et al., 2007):

RPS5
1

np

Xnp

i51

Xm

j51

q D�i
� �

j2o D�i
� �

j

� �2
" #

; (16)

where np is the number of predictive variables, m is the number of predictive quantiles q evaluated as the
non-exceedance probability of predictive distribution. For example, if seven quantiles are used (m 5 7), q
D�i
� �

are the quantitles, 0.05, 0.1, 0.25, 0.5, 0.75, 0.9, and 0.95 for j 5 1, 2, . . ., 7. The observed probability o
D�i
� �

will take on the value of 1 when D�i is smaller than the threshold of corresponding predictive quantile
q D�i
� �

; otherwise, o D�i
� �

is set to 0. A smaller RPS value indicates that the obtained predictive distribution is
sharper and better calibrated (Duan et al., 2007).

3. Groundwater Models and Building SG Surrogate Models

In this section, we first present in section 3.1 the true synthetic groundwater model and its four alternative
models developed based on different configurations of a confining layer. In section 3.2, the details of devel-
oping the surrogates of the true and alternative model are provided.
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3.1. True Synthetic Groundwater Model and Four Alternative Models
In the synthetic example, a three-dimensional steady-state groundwater flow model is built by revising the
synthetic model of Zeng et al. (2016). As shown in Figure 1, the modeling domain is 5,000 m long from east
to west and 3,000 m wide from south to north. The domain is divided into uniform blocks with the size of
25 m 3 25 m. The domain is 60 m in thickness, and divided into three layers with the layer thicknesses of
35 m, 5 m and 25 m for the top, middle, and bottom layers, respectively. The top and bottom layers are
unconfined and confined, respectively, and the middle layer is set as a confining layer. Hydraulic conductivity
(K) is heterogeneous in each layer, and the sequential Gaussian simulator (SGSIM) of the Geostatistical Library
(GSLIB) (Deutsch & Journel, 1998) is used to generate a heterogeneous field of hydraulic conductivity for each
of the three model layers. The logK field of each layer is described by an isotropic exponential covariance
model. The correlation length and variance of the covariance model are set to 200 m and 1.0, respectively.
The mean values of K are set to 1.0 m/d, 0.1 m/d, and 5.0 m/d for the top, middle, and bottom layers, respec-
tively. In addition, the ratio of horizontal to vertical hydraulic conductivity is set to 10 for each layer.

At the east side of domain, a river boundary is set for the top layer, and the no-flow boundary is set for the
middle and bottom layers. The river stage is 35 m, the elevation of the riverbed bottom is 30 m, and the riv-
erbed hydraulic conductance is 20 m2/d. A constant head boundary is placed at the west side of domain with
water level of 56 m. The top layer receives precipitation uniformly; the precipitation rate is 9.0 3 1024 m/d,
and the recharge ratio is set to 0.15. A total of 1,250 m3/d water is pumped from the bottom layer by 5 pump-
ing wells (250 m3/d for each well). A drain boundary is placed in the middle of the right half of model domain;
the elevation of drain bottom is 45 m, and the drain conductance is 20 m2/d. In addition, the south, north,

Figure 1. Sketch map of model layers, boundary conditions, observation points, hydraulic conductivity (K) measurement
points and K pilot points in the synthetic groundwater modeling.
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and bottom of domain are all defined as impermeable boundaries. This groundwater model is implemented
using MODFLOW-2005 (Harbaugh, 2005), and hydraulic head values at 32 points (16 for layer 1 and 16 for
layer 3, as shown in Figure 1) are used as the ‘‘true’’ observations after being corrupted with Gaussian random
noise with zero mean and standard deviation of 0.1 m. In addition, 40 data of hydraulic conductivity are taken
from the top layer; after being corrupted with 5% white noises, they are used as the conditioning data in the
pilot point method used in groundwater inverse modeling of this study. The prediction variables are recharge
from the constant head boundary, discharge to the river boundary (DRB), and discharge to the drain.

Four alternative models (denoted as M1, M2, M3, and M4) are developed to represent model structure uncer-
tainty in characterizing the confining layer (middle layer), because in practice, it is always difficult to fully
characterize the thin layer with low permeability. Model M1 contains only one unconfined layer, and all the
pumping wells and observation points are placed in this layer. Model M2 contains the top and bottom layers
of the true model, and their thicknesses are 35 m and 25 m, respectively. Model M3 is identical to the true
model, except that the thicknesses of the three layers are 35 m, 3 m, and 22 m, respectively, from the top to
the bottom. Model M4 is set up in the same way, and the thicknesses are 35 m, 7 m, and 18 m, respectively,
from the top to the bottom. Qualitatively speaking, models M3 and M4 should have larger posterior model
probability than models M1 and M2.

For each alternative model, hydraulic conductivity (K) field of the top layer (or the entire layer of model M1)
is assumed to be unknown, and the pilot point method (Hernandez et al., 2006; LaVenue et al., 1995; Ram-
aRao et al., 1995) is used for groundwater inverse modeling. As shown in Figure 1, a total of 8 pilot points
and 40 measurement points are used to generate the logK field by using SGSIM. The locations of these pilot
points are determined by using the sensitivity coefficient approach (RamaRao et al., 1995), in which the pilot
points are placed at the locations with the largest potential for increasing the likelihood function L (equa-
tion (5)). The potential of pilot point location p is measured by the sensitivity coefficient dL/dlogKp, where
logKp is the log-hydraulic conductivity at location p. For each pilot point, the value of logK is assumed to be
a random parameter. In addition, the variance and correlation length of the logK field of the top layer are
also assumed to be random parameters, which increases the difficulty of the inverse modeling. The mean
values of the logK field are taken as the same as the true values, and the model boundary conditions are
the same as those of true model. As a result, each alternative model has ten random parameters, i.e., the
logK values of eight pilot points and two variogram parameters. The uniform distributions are used as the
prior distributions of the ten random parameters, and they are U[-5,5] for the logK value of each pilot point,
U[0.1,5] for the variance, and U[50,500] for the correlation length. These uniform distributions are used for
the DREAMzs simulation to estimate the posterior distributions of the ten random parameters (Jardani
et al., 2012). When implementing DREAMzs for each model, four parallel Markov chains are used, and each
chain includes a total of 30,000 samples. After the burn-in period, the remaining 20,000 samples of each
chain are used for inferring the posterior distributions of the ten parameters and for producing the distribu-
tions of the three prediction variables. The same procedure is applied to the original models and the surro-
gate models, when evaluating the accuracy of the surrogate models. In addition, the inferred K fields and
model predictions of alternative models by using DREAMzs can be found at supporting information.

3.2. Develop SG Surrogate Models and Evaluate Their Accuracy
Following Zeng et al. (2016), two kinds of surrogates are developed for evaluating the estimators of the
marginal likelihood. The first kind of surrogates are built for the 32 head observations, and thus referred to
as head surrogates. They are used to evaluate the joint likelihoods in the DREAMzs simulation. The second
kind of surrogates are built for the three model predictions, and thus referred to as prediction surrogates.
They are used to generate posterior distributions of the predictions. When building the adaptive SG surro-
gates, the adaptation occurs at level 5, because the number of SG nodes is relative small at level 4 but
increases rapidly after level 4. The maximum level number is set as 7, and it is sufficient to obtain accurate
model simulations for each model, as shown in the results in section 4 below. Given that the head observa-
tions vary from 40 to 60 m, and the predictions vary from several hundred to two thousand, the adaptive
error tolerances of the head and prediction surrogates are set as 0.0005 and 0.005, respectively, which
should be sufficient to have accurate surrogate models.

Figure 2 plots the model simulations of 10,000 random parameter sets from prior distributions, and these
simulations are obtained using the original models and their corresponding surrogate models. The figure
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shows that the two sets of simulations are visually identical for each alternative model. For the two sets of
head simulations, the RMSE values are smaller than 0.01, and the R2 values are larger than 0.99999. For the
two sets of log-likelihood simulations, RMSE is smaller than 0.1, and R2 is larger than 0.999. For the two sets
of simulations of discharge to the river boundary (DRB), RMSE is smaller than 0.02, and R2 is larger than
0.9999. For the simulations of the other two model predictions, their RMSE and R2 values are similar to those
of DRB. Therefore, the surrogate models are considered to be accurate for simulating the system state varia-
ble and for evaluating the marginal likelihood estimators. The results of the marginal likelihood estimators
below are based on the surrogate models.

Using the surrogate models for evaluating the five marginal likelihood estimators saves substantial compu-
tational cost. The numbers of model executions needed for building the surrogates are 44,252, 43,140,
36,832, and 33,302 for models M1 – M4, respectively, and the total number is 157,526. The number of model
executions needed for evaluating the five marginal likelihood estimators exceeds one billion. Such a large
number of model executions would not be computationally affordable without using the surrogate models.

4. Results of Comparing the Two NSE Implementations

This section compares the two ways of implementing NSE using the M-H sampling of Liu et al. (2016) and
the DREAMzs sampling in the way described in section 2.3. The former implementation is referred to as

Figure 2. Model simulations obtained by using original model and surrogate. (a–d) Groundwater head simulations, (e–h) log-likelihood simulations, and (i–l)
discharge to riverbed boundary (DRB) simulations.
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NSE_M, and the latter as NSE_D. The two implementations are evaluated below in terms of their conver-
gence, accuracy, efficiency, and stability.

4.1. Metrics for Evaluating Convergence, Accuracy, Efficiency, and Stability
The convergence is evaluated by examining whether the marginal likelihood estimates of NSE_M and
NSE_D become stable when the number of model executions increases. After the convergence is achieved,
the accuracy of NSE_M and NSE_D is evaluated by using the AME (based on a large number of parameter
samples) as the reference. The computational efficiency is evaluated by comparing the number of model
executions needed for the NSE_M and NSE_D calculation.

The computational efficiency of NSE_M and NSE_D is evaluated by counting the number of model execu-
tions in each iteration step (i.e., one local sampling) of the active set evolution, i.e., the number of model
executions needed for generating a new parameter sample to produce L(hjD,Mk)> Lworst. This is done for
two example sizes of the active set evolution, i.e., MS 5 200 and MS 5 400. For the convenience of the com-
parison, the size of the active set is fixed at Nas 5 25. During the constrained local sampling of NSE_D, four
parallel Markov chains are used for DREAMzs, and the length of each chain is set as 25, which results in 100
model executions for one local sampling. The same number of model executions is also used for NSE_M
that uses a single Markov chain. To prevent premature termination of NSE (i.e., a local sampling fails to gen-
erate new parameter samples producing L(hjD,Mk)> Lworst due to a small user-specified number of model
executions), a relative large number (400,000) of model executions is used in this study.

In addition to the number of model executions at each iteration step, the total number of model executions
of all the steps is also counted. This total number is used to evaluate computational efficiency for a com-
plete NSE calculation, not for an iteration step. The total number of model executions is counted for a series
of MS values varying from 25 to 1,000 with the increment of 25. This is another way to evaluate the effi-
ciency of NSE_M and NSE_D. As shown below, the M-H algorithm used in NSE_M cannot generate new
parameter samples to produce L(hjD,Mk)> Lworst for large MS. This problem does not occur for NSE_D,
because DREAMZS is more efficient than M-H for sampling the parameter space.

To evaluate the stability of NSE_M and NSE_D, each estimator is repeatedly calculated for five times with
different parameter samples used in each calculation. With the five repeated calculations, the stability of
each estimator is measured by the coefficient of variation (CV) defined as

CV5
SD

Mean
; (17)

where SD and Mean are the standard variance and mean of the repeated calculations, respectively. A
smaller value of CV corresponds to a better stability.

4.2. Convergence and Accuracy of NSE_D and NSE_M
Figure 3 exhibits how the marginal likelihood estimates of NSE_D and NSE_M vary with the number of sam-
ples for each model (the plots are based on one of the five repeated calculations that is closest to the refer-
ence value, i.e., the AME). Visual examination shows that NSE_D and NSE_M converge to the same value for
models M1 – M4. Qualitatively speaking, the estimation of NSE_D has smaller variability than that of NSE_M,
and NSE_D reaches converges faster than NSE_M, indicating that NSE_D is more computationally efficient
than NSE_M, as discussed below.

The accuracy of NSE_D and NSE_M is evaluated by comparing with AME (the reference value), and the rela-
tive errors are calculated. Table 1 lists the error values averaged over the five repeated calculations. The
comparison shows that NSE_D has smaller relative error than NSE_M. However, the difference between
NSE_D and NSE_M is small, indicating that NSE_D does not significantly improve the accuracy of NSE.

4.3. Efficiency and Stability of NSE_D and NSE_M
To evaluate the computational efficiency of NSE_D and NSE_M, Figure 4 plots the number of model execu-
tions for each iteration of the active set evolution. The vertical axis of each subplot shows the average num-
ber of required model executions to generate a new joint likelihood that satisfies the constraint
L(hjD,Mk)> Lworst. Figure 4 shows that, for both NSE_D and NSE_M, the number of model executions
increases when the active set evolves. The reason is that, when Lworst keeps increasing during the evolution,
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more and more parameter samples are needed to generate the new joint likelihood that satisfies
L(hjD,Mk)> Lworst. The number of model executions increases substantially faster for NSE_M than for NSE_D,
because DREAMzs is more efficient than the M-H algorithm for sampling in the parameter space. This is par-
ticularly the case, when the number of evolutions, MS, becomes larger. For MS 5 200, the maximum num-
bers of model executions are 200 and 1,000 for NSE_D and NSE_M, respectively (Figures 4a–4d). The two

Table 1
Marginal Likelihoods and Posterior Model Probabilities Estimated by Using AME, HME, SHME, NSE_D, NSE_M, and TIE

Marginal likelihood

M1 M2 M3 M4

Estimation RE(%) Estimation RE(%) Estimation RE(%) Estimation RE(%)

AME 0.0099 0.1634 11.66 7.72
HME 0.0029 270.99 0.3668 124.51 5.12 256.09 2.26 270.72
SHME 0.0064 235.94 0.2683 64.19 13.67 17.30 3.63 252.94
NSE_D 0.0105 6.12 0.1561 24.44 12.16 4.29 7.52 22.71
NSE_M 0.0115 16.27 0.1712 5.12 13.42 15.05 8.00 3.62
TIE 0.0101 2.13 0.1653 1.19 11.57 20.76 7.62 21.26

Posterior probability (%)

Estimation Error Estimation Error Estimation Error Estimation Error

AME 0.0508 0.84 59.62 39.49
HME 0.0365 20.0143 4.73 3.90 64.88 6.43 28.66 210.32
SHME 0.0362 20.0146 1.53 0.69 77.77 18.15 20.67 218.82
NSE_D 0.0531 0.0023 0.79 20.05 61.29 1.67 37.87 21.62
NSE_M 0.0534 0.0027 0.79 20.05 62.11 2.49 37.05 22.44
TIE 0.0523 00016 0.85 0.01 59.73 0.11 39.37 20.12

Note. Each value represents the mean of five repeated estimations after convergence. For the marginal likelihood
estimation, relative error (RE) 5 (estimation - reference)/reference. For posterior probability, error means the estimated
model probability minus that of reference. The AME results are used as the reference

Figure 3. Variation of marginal likelihood estimated by NSE_D and NSE_M with number of parameter samples for (a) M1, (b) M2, (c) M3, and (d) M4.
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numbers become 2,000 and 120,000 for MS 5 400 (Figures 4e–4h). Therefore, NSE_D is more computation-
ally efficient than NSE_M, when the constraint of local sampling becomes stronger (i.e., Lworst becomes
larger and larger during the active set evolution).

Since Figure 4 shows that NSE_D is not more efficient than NSE_M at every iteration of the active set evolu-
tion (e.g., Figures 4b and 4c), it is necessary to evaluate the computational efficiency of NSE_D and NSE_M
for all the iterations of the active set evolution. For this purpose, Figure 5 plots the total number of model
executions of a complete NSE calculation for a series of MS up to 1,000. All the five repeated calculations are
plotted in Figure 5. The figure shows that, due to the efficient DREAMzs sampling, NSE_D can estimate the
marginal likelihood for MS as large as 1,000, because new parameter samples can be generated to satisfy
L(hjD,Mk)> Lworst. On the contrary, NSE_M is terminated at MS 5 400, since new samples cannot be gener-
ated by the M-H algorithm to satisfy L(hjD,Mk)> Lworst. This is the reason that the maximum number of Ms is
set as MS 5 400 in Figure 4. Note that premature termination does not occur for NSE_D, because the user-
specified execution number of 400,000 is not reached. The efficiency of the two NSE methods is compared
by examining the number of model executions for MS 5 400. The average (over the five repeated calcula-
tions) numbers of model executions for M1, M2, M3, and M4 are 1,522,300, 994,100, 1,265,600, and 1,488,800,
respectively, for NSE_M, and 71,550, 68,850, 70,500, and 66,500, respectively for NSE_D. These results indi-
cate that the computation cost of NSE_M is about 14 � 22 times as large as that of NSE_D for the marginal

Figure 4. Average number of model executions for each evolution of the active set of NSE_D and NSE_M. The evolution number (MS) of active set is fixed at (a–d)
200 and (e–h) 400. Models (a, e) M1, (b, f) M2, (c, g) M3, and (d, h) M4, respectively.
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likelihood estimations of the four models. In other words, using NSE_D saves 93% � 96% of the computa-
tion cost of NSE_M.

To evaluate stability of NSE_D and NSE_M, Figure 6 shows the coefficient of variation (CV defined in equa-
tion (17)) calculated based on the five repeated calculations for each model. For both NSE_D and NSE_M,
CV decreases with the evolution number of the active set, and then reaches a stable value. For all the four
models, the stable values are significantly smaller for NSE_D than for NSE_M, indicating that NSE_D is more
stable than NSE_M. This may be understood by examining the relation between X and logL(X) plotted in
Figure 7 for the five repeated calculations with the evolution number of active set fixed at Ms 5 400. The fig-
ure shows that the variability of the logL(X) � X relation is visually smaller for NSE_D than for NSE_M. Since
the marginal likelihood is the area beneath the L(X) curve (equation (11)), the small variability of the logL(X)
� X relation in NSE_D leads to more stable NSE. The smaller variability of NSE_D is attributed to the feature
of stable sampling of DREAMzs for searching the space of X and L(X).

4.4. Discussion
This section investigates two issues related to the performance of NSE_D and NSE_M as follows: (1) the
impacts of the parameter samples of DREAMZS and M-H on the performance of NSE_D and NSE_M, and (2)
the possibility to improve the accuracy of NSE_D and NSE_M by using more X (Xi 5 exp(-i/Nas), i 5 1, . . ., MS)
values in equation (13).

Figure 5. Total numbers of model executions for a complete marginal likelihood estimation by NSE_D and NSE_M. The evolution number (MS) of active set
increases from 25 to 1,000. The estimation is repeated for 5 times for each evolution. (a–d) Models M1–M4, respectively.
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4.4.1. Impacts of Parameter Samples on NSE_D and NSE_M Performance
Figure 8 plots the density functions of the parameter samples generated by NSE_D and NSE_M for the five
parameters of the four models (log-hydraulic conductivities of three pilot points and the two variogram
parameters). The density functions of the parameter samples generated by complete DREAMZS simulations
are plotted as the reference. It should be noted that the parameter samples generated by DREAMZS are dif-
ferent from those generated by NSE_D, as explained in section 2.3. Figure 8 shows that the NSE_D density

Figure 6. Coefficient of variation (CV) of the repeated estimations by NSE_D and NSE_M. The evolution number (MS) of active set increases from 25 to 400.
(a–d) Models M1–M4, respectively.

Figure 7. Relation between log(L(X)) and X (cumulative prior mass) estimated by NSE_D and NSE_M for five repeated estimations. The evolution number (MS) of
active set is fixed at 400. (a–d) Models M1–M4, respectively.
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functions are similar to the reference, indicating that NSE_D explores the entire posterior parameter space
for the random parameter generation. The NSE_M density functions are substantially different from the
reference on two aspects. First, the NSE_M samples are narrower and more peaked around the modes, indi-
cating that NSE_M does not explore the entire posterior parameter space but the high probable region.
This is not surprising given the limitations of M-H algorithm. In addition, for some model parameters, the
NSE_M samples are biased. We first discuss the impacts of peaked density functions on the performance of
NSE_D and NSE_D, and then discuss the impacts of the biased density functions.

Figure 8. Posterior probability density of five model parameters (LogK of three pilot points, variance and correlation length) obtained by DREAMzs, NSE_D, and
NSE_M for (a–e) M1, (f–j) M2, (k–o) M3, and (p–t) M4.
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The peaked density functions of NSE_M directly impact the L(X) values used for the NSE estimation in the
following way: NSE_M explores the high likelihood region early, and does not sufficiently search for parame-
ter samples that satisfy the hard constraint, L(h*jD,Mk)> Lworst. This is illustrated in Figures 9 and 10. Figure
9 exhibits the evolution of the logarithm of Lworst (i.e., the discarded likelihood value during the nested sam-
pling component discussed in section 2.2) for NSE_D and NSE_M. The figure shows that log(Lworst) reaches
its maximum at a faster rate for NSE_M than for NSE_D. In other words, NSE_M explores the high likelihood
region in parameter space earlier than NSE_D. Figure 10 depicts the trace of the logarithm of
L(h*jD,Mk)> Lworst (i.e., the likelihood retained in the active set, not Lworst discarded in each evolution of the

Figure 9. Variation of log-likelihood of discarded samples with evolution number of active set for model (a) M1, (b) M2, (c) M3, and (d) M4.

Figure 10. Variation of log-likelihood with the evolution number of active set for (a) M1, (b) M2, (c) M3, and (d) M4.
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active set). The figure shows that the variation of L(h*jD,Mk) is larger for NSE_D than for NSE_M, indicating
that NSE_D has a stronger searching capability than NSE_M for searching parameter samples that satisfy
the hard constraint, L(h*jD,Mk)> Lworst.

The impacts of biased NSE_M samples, which occur on all alternative models, on the marginal likelihood esti-
mation are more severe. Figure 10 shows that the maximum log-likelihood value obtained by NSE_M is
smaller than the reference value, whereas the likelihood generated by NSE_D converges to the reference
value with the evolution of active set. It indicates that, due to the biased parameter samples, the constrained
local sampling of NSE_M cannot reach the highest likelihood area of parameter space for each alternative
model. In other words, NSE_M cannot generate samples from the highest likelihood region, due to the use of
the M-H algorithm. This problem does not occur for NSE_D, because of the use of the more robust DREAMzs
algorithm. Therefore, NSE_D has more accurate NSE estimate than NSE_M, as shown in Table 1.
4.4.2. Impacts of X Values on Accuracy of NSE_D and NSE_M
Equation (13) suggests that, for the trapezoidal rule, using finer DXi 5 Xi-1 2 Xi (i.e., larger Ms) may improve the
accuracy of NSE. However, Figure 11 shows that the marginal likelihood estimates of NSE_D and NSE_M stabi-
lize after the number of X values reach to certain values. This is attributed to two reasons. First, the L(X) values
are stabilized quickly in this study, as shown in Figure 9. In addition, the DXi value becomes negligible when
MS (the evolution number of active set) increases, given that Xi 5 exp(2i/Nas), i 5 1, . . ., MS. As shown in Figure
12, for a fixed Nas value, when MS increases, the new X points are added to the left side of the X axis, and their
values are close to zero. As a result, the DX decreases when MS increases. For example, for Nas 5 25,
DX1 5 0.038, DX10 5 0.026, DX50 5 0.0053, DX100 5 0.00072, DX200 5 0.000013, and DX400 5 4.41E-9. Therefore,
when MS is increased from 300 to 400, the increased X points contribute essentially zero to the estimation of
NSE due to the small DXi values. As a result, when MS reaches to a threshold value (e.g., MS 5 300), using more
X points does not improve the accuracy of NSE, which is true for both NSE_D and NSE_M.

It however should be noted that the insensitivity of the NSE estimate to DXi (after Ms is large enough) may
be only specific to the current way of calculating Xi, i.e., Xi 5 exp(2i/Nas). This calculation is based on the
requirement of NSE that Xi 5 tiXi-1, where ti is the largest one of Nas random numbers from the uniform dis-
tribution U(0,1). Equation Xi 5 exp(-i/Nas) is obtained by assuming that t follows the Beta(Nas,1) distribution

Figure 11. Variation of marginal likelihood estimated by NSE_D and NSE_M with the evolution number of active set for
(a) M1, (b) M2, (c) M3, and (d) M4.
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(Skilling, 2006). While this way of calculating Xi has been used by many researches (Elsheikh et al., 2013; Liu
et al., 2016; Schoniger et al., 2014), it may be revised for improving the accuracy of NSE estimate, which
however is beyond the scope of this study.

5. Results for Comparing the Five Estimators

The evaluation above leads to a conclusion that, while NSE_D and NSE_M have similar accuracy, NSE_D out-
performs NSE_M in terms of convergence, computational efficiency, and stability of two implementations
of NSE. Therefore, NSE_D is used to evaluate NSE for the comparison with the other four marginal likelihood
estimators. The details for evaluating the four estimators are given in section 5.1. The five estimators are
compared in terms of their convergence, accuracy, and stability, as discussed in section 5.2. Section 5.3
shows the impact of marginal likelihood estimators on BMA predictive performance.

5.1. Calculate the Five Estimators
AME is calculated using equation (6) with a large number of samples generated from the prior parameter
space defined by the uniform distributions described in section 3.1. Calculating HME, SHME, and TIE
requires obtaining posterior parameter samples using DREAMzs in different ways. Calculating HME based
on equation (7) uses the samples generated by DREAMzs from the posterior parameter space. When calcu-
lating SHME, the DREAMzs code is revised to generate samples from the mixture of prior and posterior dis-
tributions (equation (8)); following Lartillot and Philippe (2006), the proportion coefficient d is set as 0.1. For
calculating TIE, DREAMzs-based MCMC simulations are conducted for a total of 23 power coefficients (bk 5

0.0, 0.001, 0.002, 0.003, 0.004, 0.005, 0.006, 0.007, 0.008, 0.009, 0.01, 0.015, 0.02, 0.04, 0.06, 0.08, 0.1, 0.15, 0.2,
0.25, 0.5, 0.75, 1.0), and the corresponding samples are used to evaluate equations (9) and (10). Following
Liu et al. (2016), the bk values are selected manually. The reason that more bk values are selected for b< 0.1
is that Ek (equation (9)) becomes stable after b 5 0.1, as shown in Appendix B.

5.2. Convergence, Accuracy, and Stability of the Five Estimators
The convergence, accuracy, and stability of the five estimators are evaluated in the way described in section
4.1. As discussed below, the evaluation requires tens of millions of model executions, which would be com-
putationally unaffordable without using the surrogate models discussed in section 3.2. For the convergence
evaluation, Figure 13 shows how the five marginal likelihood estimators vary with the number of parameter
samples for the four models. The AME value after convergence is used as the reference. For the other four
estimators, among the five repeated calculations, the most accurate one (i.e., the one closest to the refer-
ence) is used for the convergence evaluation. The left column of Figure 13 shows that AME reaches a stable
value after about eight million samples for models M1 and M2 and after about six million samples for M3

and M4. NSE_D reaches convergence quickly with the smallest number of samples, which is attributed to
the evolution strategy of NSE. Because TIE uses a series of MCMC simulations to explore the parameter
space from the prior to the posterior, TIE always needs more than six million samples to reach convergence
(more than ten million samples are needed for model M3). The right column of Figure 13 shows that, HME
and SHME do not converge to the reference value even with eight million samples, because HME and SHME
values are dominated by the samples with small joint likelihood. Therefore, HME and SHME should not be
used for evaluating the marginal likelihood.

To evaluate the accuracy of the five estimators, they are compared with AME (the reference value), and the
relative errors are calculated. Table 1 lists the relative errors values averaged over the five repeated

Figure 12. Positions of X points used by nested sampling.
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calculations. The table shows that TIE is the most accurate estimator, and its relative error is substantially
smaller than that of NSE_D for all the models. The large relative errors of HME and SHME indicate again that
the two estimators should not be used for evaluating the marginal likelihood.

To evaluate stability of the five estimations, Figure 14 plots the coefficient of variation (CV) of the five
repeated calculations of marginal likelihood for each estimator. The CV is computed for six different sample
sizes, which are roughly 10,000, 100,000, 500,000, 1,000,000, 4,000,000 and 8,000,000. It should be noted
that these are not the exact sample sizes for NSE_D and TIE, but rounded integers, due to the random
nature of the MCMC simulations. Figure 14 shows that CV decreases with the sample size, suggests that the
stability increases. When the samples size reaches eight million, the CV values of AME are close to zero for
the four models. This is not surprising, because AME is expected to converge to the true value of marginal
likelihood when the number of parameter samples is large enough. For the alternative models with ten
parameters, ten million of parameter samples may be large enough. This confirms that it is reasonable to
use AME as the reference for the accuracy evaluation above. The CV values of HME and SHME are larger
than those of NSE_D and TIE, because HME and SHME are sensitive to the parameter samples with small
joint likelihood values. The CV values of NSE_D are larger than those of TIE, because TIE can systematically
sample from the prior to the posterior parameter space whereas NSE cannot guarantees that samples are
generated systematically from the prior to the posterior space (Liu et al., 2016).

Figure 13. Variation of marginal likelihood estimated by five marginal likelihood estimators for (a, b) M1, (c, d) M2, (e, f) M3, and (g, h) M4. The estimation of AME
after convergence is used as the reference.
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The evaluation above leads to the following three major conclusions for the four groundwater models:
(1) AME can be used as the reference value of marginal likelihood, (2) HME and SHME should not be used
for evaluating the marginal likelihood, (3) although NSE_D is computationally more efficient than TIE, TIE
outperforms NSE_D in terms of accuracy and stability.

5.3. Impact of Marginal Likelihood Estimators on BMA Prediction
Table 1 lists the posterior model probability calculated based on the five marginal likelihood estimators.
Note that the probability values are the average over the five repeated calculations. The table shows that
the accuracy of the marginal likelihood estimators affects the accuracy of the posterior model probability.
Using again the AME-based posterior model probability as the reference, the TIE-based posterior model
probabilities are almost identical to the reference, and the SHME-based posterior model probabilities are
heavily biased. The NSE_D-based posterior model probability is slightly more accurate than the NSE_M-
based posterior model probability. These results are consistent with the accuracy of TIE, HME, NSE_D, and
NSE_M discussed above. It is however surprising that the HME-based posterior probability is more accurate
than the SHME-based posterior model probability, because SHME is more accurate than HME. This is con-
tributed to the error cancellation from the numerator and denominator of equation (2) used for calculating
posterior model probability.

To evaluate the BMA predictive performance, Table 2 lists the val-
ues of log-score and RPS corresponding to the five marginal likeli-
hood estimators. The table suggests that the BMA predictive
performance is consistent with the accuracy of the posterior model
probability. In terms of the log-score, the ranking of predictive per-
formance, from the best to the worst, is AME, TIE, NSE_D, NSE_M,
HME, and SHME, which is the same as the order of accuracy of the
posterior model probability calculated by using the marginal likeli-
hood estimators. The RPS-based order of predictive performance is
similar, except that NSE_D and NSE_M have tied RPS values. It is
therefore concluded that TIE has better predictive performance
than NSE.

Figure 14. Coefficient of variation (CV) of five repeated marginal likelihood estimations given by five estimators for (a) M1,
(b) M2, (c) M3, and (d) M4.

Table 2
Log-Score and RPS of BMA Predictions Based on the Posterior Model Probabil-
ities Given by AME, HME, SHME, NSE, and TIE

BMA prediction Log-score RPS

BMA-AME 12.10 2.21
BMA-HME 12.44 3.01
BMA-SHME 12.61 4.61
BMA-NSE_D 12.16 2.41
BMA-NSE_M 12.18 2.41
BMA-TIE 12.12 2.27
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6. Discussion

Elsheikh et al. (2014) presented a different way of accelerating the constrained sampling of NSE by using
surrogate models (built using the generalized polynomial chaos method) within the framework of M-H.
Instead of using a surrogate model for directly DREAMzs sampling as done in this study, the surrogate
model is used as a filter to filter out rejected proposal samples in a two-stage MCMC sampling. Specifically
speaking, the proposal distribution of the M-H algorithm is first evaluated by using the surrogate model. If
the proposal sample is accepted, the original model is used to re-evaluate the proposal distribution. This
avoids wasting computational time on the rejected proposal samples, and increases the accuracy of esti-
mating the proposal distribution. This two-stage MCMC sampling can be readily incorporated into this
study. The adaptive construction of sparse surrogate model used by Elsheikh et al. (2014) may also be useful
to this study. The adaptive construction re-uses the samples generated during the NSE iterations to re-
estimate the posterior distribution, as the samples are close to the approximate posterior peaks. It would be
interesting to compare the adaptive surrogate construction using generalized polynomial chaos with the
adaptive surrogate construction using sparse grid stochastic collocation (and other adaptive approaches,
e.g., Mo et al., 2018), although the comparison is beyond the scope of this study.

Although the evaluation of various estimators of the marginal likelihood is based on the synthetic groundwater
models, we believe that the synthetic but realistic models are adequate to answer the following two major
questions investigated in this study: (1) whether improving the constrained sampling of NSE can improve accu-
racy, convergence, efficiency, and stability of NSE, and (2) whether improving the constrained sampling of NSE
can improve accuracy of the estimated marginal likelihood. The only issue left unexplored in this study is the
impacts of the number of head observations and hydraulic conductivity (K) measurements on the evaluation of
the marginal likelihood. While the number (32) of head observations used in the numerical modeling is practi-
cally reasonable for most cases of groundwater modeling, the number (40) of K measurement is slightly exces-
sive in comparison with certain studies (e.g., Carniato et al., 2015; Jardani et al., 2012; Jimenez et al., 2016;
Kowalsky et al., 2012), despite that the number is reasonable for certain extensively studied fields (e.g., Pool
et al., 2015; RamaRao et al., 1995). If the number of K measurements is reduced, it will increase the parametric
uncertainty of estimating the K field of the top layer of the synthetic models. As a result, the likelihood space
and the posterior parameter space will become larger. This will make NSE’s constrained sampling more chal-
lenging, as more MCMC samples will be needed to search the likelihood space and the posterior parameter
space. More importantly, it will be more difficult to generate parameter samples with large L(X) values espe-
cially at the late stage of NSE. It is thus expected that NSE_D would outperform NSE_M more significantly,
because DREAMzs is more robust than M-H to overcome these challenges.

On the other hand, when the number of K measurements decreases, more advanced geostatistical methods (e.g.,
multiple-point statistical method, Jaggli et al., 2017, and transition probability geostatistical method, Hansen et al.,
2014) than the pilot point method will be needed for estimating the K filed. This may lead to more complicated
likelihood space and posterior parameter space. In this case, DREAMzs is expected to be more efficient than M-H
for MCMC simulations, and accordingly, NSE_D will still outperform NSE_M for calculating NSE. We thus hypothe-
size that our conclusions on NSE_D and NSE_M will still hold, when the number of K measurements decreases. As
to the conclusions regarding AME, HME, SHME, NSE, and TIE, we believe that the conclusions will not change
when varying the number of K measurements, because our conclusions are consistent with those of other
researches for entirely different groundwater models (e.g., Liu et al., 2016; Schoniger et al., 2014).

7. Conclusions

This study integrates the DREAMzs algorithm into the nested sampling estimator (NSE) of the marginal like-
lihood, which is important for Bayesian model selection and model averaging. The DREAMzs-based imple-
mentation of NSE is denoted as NSE_D to be distinguished from NSE_M, the conventional M-H-based
implementation of NSE. The accuracy, convergence, efficiency, and stability of NSE_D and NSE_M are eval-
uated for four synthetic models of groundwater flow modeling. Our work leads to the following major con-
clusions for NSE_D and NSE_M:

1. For all the four groundwater models, in comparison with NSE_M, NSE_D significantly improves convergence
and computational efficiency of NSE, because the DREAMzs algorithm of NSE_D is more efficient than the
M-H algorithm of NSE_M for generating parameter samples that satisfy the constraint, L(hjD,Mk)> Lworst,
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during the active set evolution. This is particularly true when Lworst becomes large, because it takes more
model executions for NSE_M than for NSE_D to find parameter samples that satisfy the constraint. On the
other hand, in comparison with DREAMzs, M-H explores the high likelihood region in the parameter space
early, and does not sufficiently search for parameter samples that satisfy the constraint.

2. NSE_D is more stable than NSE_M, and this is also attributed to the fact that DREAMzs is more robust
than M-H, which leads to more stable relation between the cumulative prior mass, X, and the corre-
sponding joint likelihood, L(X), used by NSE for evaluating the marginal likelihood.

3. For all the alternative models, NSE_D is more accurate than NSE_M, although only marginally. This is attri-
bute to the parameter samples generated by DREAMzs and M-H on the following two aspects. First, the
M-H based constrained local sampling evolves to the high likelihood parameter region too quickly, and
thus cannot sufficiently search for the low likelihood region. In addition, the highest likelihood region
cannot be reached by the M-H based constrained local sampling at prescribed termination criterion.

4. For the groundwater models of this study, after the number (MS) of cumulative prior mass (X) becomes
moderately large, increasing MS does not improve the accuracy of either NSE_D or NSE_M. The reasons
are that L(X) becomes stable quickly and that DX becomes negligible after MS is moderately large. For
improving the NSE accuracy, it may be necessary to develop new methods of evaluating X. More
research is also warranted in future researches to investigate the variation of L(X) with MS so that NSE
accuracy can be improved with the least amount of computational cost.

The synthetic groundwater models are also used to evaluate convergence, accuracy, and stability of the
five commonly marginal likelihood estimators, i.e., arithmetic mean estimator (AME), harmonic mean esti-
mator (HME), stabilized harmonic mean estimator (SHME), nested sampling estimator (NSE), and thermo-
dynamic integration estimator (TIE). The impacts of these estimators on posterior model probability and
BMA prediction are also evaluated. Our work leads to the following major conclusions for the five
estimators:

1. While AME always needs a large number (e.g., 10 million) of samples to converge to stable marginal like-
lihood estimation, AME has the best stability when sample size is sufficiently large. Therefore, after con-
vergence, AME can be used as reference for evaluating accuracy of the other four estimators.

2. Using AME as the reference, HME and SHME are the worst estimators in terms of convergence, stability,
and accuracy, because they are sensitive to the parameter samples with small joint likelihood values,

3. Using AME as the reference, TIE is more accurate and stable than NSE, whereas TIE is more computational
expensive than NSE because TIE needs to gradually generate parameter samples from the prior to the
posterior parameter space. If computational resource is inadequate for calculating TIE, the computation-
ally efficient NSE should be used for evaluating the marginal likelihood, despite that NSE is less accurate
and stable than TIE.

4. The accuracy of the marginal likelihood estimators significantly impacts the accuracy of the posterior
model probability and the BMA predictive performance. Generally speaking, accurate marginal likelihood
estimators give accurate posterior model probably and better predictive performance.

We note that there are several other methods available for marginal likelihood estimation, e.g., annealed
importance sampling (Friel & Wyse, 2012), Lebesgue integration theory (Weinberg, 2012), and Gaussian mix-
ture importance sampling (Brunetti et al., 2017; Volpi et al., 2017), the comparison of these methods will be
included in our future study. The evaluations above require tens of millions of model executions, and they
are made possible in this study by using surrogate models developed using the adaptive sparse grid (SG)
stochastic collocation method. However, it should be noted that, while the SG surrogates of this study are
adequately accurate to replace the original groundwater models, inaccurate surrogates may impact the
results of Bayesian inference (Cui et al., 2011; Elsheikh et al., 2014). Investigating the impacts is beyond the
scope of this study.

Appendix A: Building Surrogate Using Adaptive Sparse Grid Stochastic
Collocation Method

Sparse grid (SG) surrogate is constructed through a series of Lagrange interpolants (Bungartz & Griebel,
2004; Klimke, 2006). For a nonlinear function, f(h), with one parameter, the hierarchical Lagrange interpo-
lant, U, of f is given as
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UL f hð Þð Þ5
XL

i50

DUi f hð Þð Þ: (A1)

The incremental interpolation operator DUi(f(h)) is defined as:

DUi f hð Þð Þ5
Xmi

j50

ci
j/

i
j hð Þ i50; . . . L: ; (A2)

where L is the resolution level, and mi is the number of SG nodes for level i, which is defined by

m051

m152

mi52i21 if i � 2

;

8>><
>>: (A3)

and /i
j hð Þ is the interpolation basis function, ci

j is the corresponding interpolation coefficient.

To generate the SG nodes, a number of quadrature rules have been developed, including the Clenshaw-Curits
rule, Gauss-Patterson rule, Gauss-Legendre rule, Fejer rule, and uniform rule (Bungartz & Griebel, 2004). The
uniform rule is used in this study, and the abscissas of standard uniform SG nodes are computed by

h0
150:5

h1
150; h1

251

hi
j5 2j21ð Þ=

Xi

k50
mk21

� �
if i � 2:

8>>><
>>>:

(A4)

The basis function used for hierarchical Lagrange interpolation can be linear, quadratic, or cubic hierarchical
basis (Bungartz & Griebel, 2004). Because Zhang et al. (2013) demonstrated that the higher-order basis
based SG surrogate system can significantly reduce the required number of original model executions, the
cubic hierarchical basis is used in this study, and it is defined as

/0
1 hð Þ51 0 � h � 1 if i50 ; (A5)

/1
1 hð Þ5 h2h1

12dh
2dh

� h2h1
122dh

22dh
0 � h � 1 if i51

/1
2 hð Þ5 h2h1

21dh
2dh

� h2h1
212dh

22dh
0 � h � 1 if i51

;

8>>><
>>>:

(A6)

/i
j hð Þ5

Y3

k51

h2hi
j2 2d23ð Þdh

2 2d23ð Þdh
h 2 Pi

j; if i � 2; and j is odd

/i
j hð Þ5

Y3

k51

h2hi
j2 2d25ð Þdh

2 2d25ð Þdh
h 2 Pi

j; if i � 2; and j is even;

/i
j hð Þ50 otherwise

8>>>>>>>><
>>>>>>>>:

(A7)

where dh5 1
2i and Pi

j5 hi
j2dh; hi

j1dh
h i

. The interpolation coefficient ci
j in formula (A2) is iteratively derived

as follows

c0
15DU0 f h0

1

� �� �
5U0 f h0

1

� �� �
5f h0

1

� �
i50 ; (A8)

ci
j5DUi f hi

j

� �� �
5Ui f hi

j

� �� �
2Ui21 f hi

j

� �� �
5f hi

j

� �
2Ui21 f hi

j

� �� �
i � 1 : (A9)

Equation (A9) indicates that coefficient, ci
j , at the j-th node of level i of the sparse grid is the difference

between the model output at parameter hi
j and the SG interpolant of level i-1.

Based on the one-dimensional hierarchical interpolation above, the multi-dimensional hierarchical interpo-
lation, V, for a multi-dimensional function f(h) is given as

V L;D f hð Þð Þ5
X

k ið Þ�L

DV i;D f hð Þð Þ; (A10)
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where D is the dimension of the parameter space, and the incremental interpolation operator DVi, D(f(h)) is
given by:

DV i;D f hð Þð Þ5DUi1 	 . . .	 DUiD 5
X

j

ci
j/

i
j hð Þ; (A11)

where i 5 (i1, . . ., iD) and j 5 (j1, . . ., jD) are multi-dimensional indexes of level and SG nodes, respectively.
For a SG tensor-product, the index k used in formula (A10) is given by

k ið Þ5max i1; . . . ; iDð Þ: (A12)

For an isotropic sparse grid on which the same SG rule is applied in each dimension, the k is given by

k ið Þ5i11 . . . 1iD: (A13)

The multi-dimensional hierarchical basis function /i
j is defined by

/i
j hð Þ5

YD

n51

/in
jn

hnð Þ: (A14)

The multi-dimensional interpolation coefficient, ci
j , is also derived iteratively by

c0
15DV 0;D f h0

1

� �� �
5V 0;D f h0

1

� �� �
5f h0

1

� �
L50 ; (A15)

ci
j5DV i;D f hi

j

� �� �
5V L;D f hi

j

� �� �
2V L21;D f hi

j

� �� �
5f hi

j

� �
2V L21;D f hi

j

� �� �
L � 1 : (A16)

More details of building the multi-dimensional SG surrogates are referred to Bungartz and Griebel (2004);
Ma and Zabaras (2009a); Pfluger (2010); Zhang et al. (2013).

The total number of SG nodes is reduced significantly by using the Smolyak rule given in equations (A10)

and (A13), in comparison with the total number of full tensor-product nodes,
XL

i51
mi

� �D
. This is illustrated

in Figure A1 for a two-dimensional problem. The left figure is the full tensor-product grid that consists of 81
nodes. The right figure is an isotropic sparse grid with the L 5 3 that consists of only 29 SG nodes. When
building the SG surrogate, only 29 executions of the original model is needed, instead of 81 executions. The
reduction is more significant when the problem dimension and/or resolution level increases.

The number of SG nodes can be further reduced by using adaptive grid refinement, and the adaption is
based on the interpolation coefficient, ci

j , also called interpolation surplus, which is an error indicator of the

Figure A1. Illustration of (a) full tensor-product grid and (b) sparse grid built for a case of two-dimension and with the
maximum resolution level of 3. Sparse grid nodes of different levels are marked in different colors.
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SG surrogate at node hi
j . As demonstrated by Ma and Zabaras (2009b) and Zhang et al. (2013), the interpola-

tion surplus reduces to 0 with the increase of resolution level L, if f(h) is smooth in the parameter space. For
each dimension of the parameter space, the SG nodes are organized in a tree-like structure, and each node,
hi

j , has two children at level i 1 1, hi11
2j21 and hi11

2j . Before the SG refinement at level i 1 1, the error indicator
at hi

j is compared with a prescribed error tolerance a. If the error indicator is larger than a, then the grid is
refined at the point hi

j by adding the two children into the SG nodes of level i 1 1; otherwise, the grid refine-
ment is not performed. In general, the number of nodes for a full tensor-product grid is O MD

� �
where

M5
XL

i51
mi , and an isotropic sparse grid has approximately O M 
 log Mð ÞD21

� �
nodes (Nobile et al., 2008;

Zhang et al., 2013). In addition to the error tolerance, other criteria of refinement can be used, e.g., maxi-
mum SG resolution level or maximum number of SG nodes. The criteria used in adaptive refinement can be
adjusted, depending on user’s accuracy requirement. For example, the error tolerance can vary at different
resolution levels. In addition, the adaptive grid refinement can start at a user-specified level, because the
computational cost at the beginning levels of SG surrogate is not high. The detailed procedure of building
adaptive sparse grid is referred to (Barthelmann et al., 2000; Klimke, 2006; Ma & Zabaras, 2009b; Pfluger,
2010; Zeng et al., 2016; Zhang et al., 2013).

Appendix B: Thermodynamic Integration

TIE searches the parameter space through a series of MCMC simulations which are based on a power posterior
density function qb(h) (Beerli & Palczewski, 2010; Friel & Pettitt, 2008; Lartillot & Philippe, 2006; Liu et al., 2016).

qb hð Þ5p Djh;Mkð Þbp hjMkð Þ (B1)

where the power coefficient b is defined at 0� b� 1. b 5 0 represents the process samples from the prior
distribution, and b 5 1 represents a normal MCMC simulation (e.g., Figure B1). The derivation of TIE starts
from two intermediate variables, pb and Zb, which is

Zb5

ð
qb hð Þdh

pb5qb hð Þ=Zb

(B2)

The derivative of ln Zb with respect to b is given as

@ ln Zb

@b
5

1
Zb

@Zb

@b
5

1
Zb

ð
@qb hð Þ
@b

dh

5

ð
1

qb hð Þ
@qb hð Þ
@b

qb hð Þ
Zb

dh 5

ð
@ ln qb hð Þ

@b
pb hð Þdh

(B3)

Given (B1) and deriving that

@ ln qb hð Þ
@b

5
1

qb hð Þ
@qb hð Þ
@b

5
1

qb hð Þ p Djh;Mkð Þbp hjMkð Þln p Djh;Mkð Þ

5ln p Djh;Mkð Þ
(B4)

Considering (B4), so formula (B3) becomes

@ ln Zb

@b
5

ð
@ ln qb hð Þ

@b
pb hð Þdh

5

ð
ln p Djh;Mkð Þpb hð Þdh5Eb ln p Djh;Mkð Þ½ �

(B5)

where Eb[] represents the expectation with respect to pb(h). Thus, the integral of formula (B5) with respect
to b in the range [0, 1] has

ln Z12ln Z05

ð1

0
Eb ln p Djh;Mkð Þ½ �db (B6)

Given formula (B2) that
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Z05

ð
q0 hð Þdh5

ð
p hjMkð Þdh51

Z15

ð
q1 hð Þdh5

ð
p Djh;Mkð Þp hjMkð Þdh5p DjMkð Þ

(B7)

Combining formula (B6) and (B7), it obtains that

ln p DjMkð Þ5
ð1

0
Eb ln p Djh;Mkð Þ½ �db (B8)

Therefore, the marginal likelihood (ML) is estimated as

p DjMkð Þ5exp
ð1

0
Eb ln p Djh;Mkð Þ½ �db

� 	
(B9)

The one-dimensional integral term in formula (B9) can be approximated by various quadrature rules.
According to the special shape of expectation – b curve which has a steep segment at the initial stage of b
(Beerli & Palczewski, 2010; Liu et al., 2016), e.g., see Figure B2, the simple trapezoidal rule is used to estimate

Figure B1. Evolution of posterior distributions of Log-hydraulic conductivity (K) of two pilot points for b 5 0.0, 0.01, 0.1,
0.5, and 1.0 used by TIE for estimating marginal likelihood of (a) M1, (b) M2, (c) M3, and (d) M4.
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this integral term by adding more refining points at the initial stage. In addition, the expectation term in for-
mula (B9) is calculated as

Ek5Ebk
p Djh;Mkð Þ½ �5 1

m

Xm

i51

ln pbk
Djhi ;Mkð Þ (B10)

Thus, based on a serious of power coefficients bk (0�bk� 1), formula (B9) becomes

p DjMkð Þ5exp
Xn

k52

bk2bk21ð Þ Ek1Ek21

2

" #
(B11)
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