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This work develops a new functionality in UCODE_2014 to evaluate Bayesian credible intervals using the
Markov Chain Monte Carlo (MCMC) method. The MCMC capability in UCODE_2014 is based on the
FORTRAN version of the differential evolution adaptive Metropolis (DREAM) algorithm of Vrugt et al.
(2009), which estimates the posterior probability density function of model parameters in high-
dimensional and multimodal sampling problems. The UCODE MCMC capability provides eleven prior
probability distributions and three ways to initialize the sampling process. It evaluates parametric and
predictive uncertainties and it has parallel computing capability based on multiple chains to accelerate
the sampling process. This paper tests and demonstrates the MCMC capability using a 10-dimensional
multimodal mathematical function, a 100-dimensional Gaussian function, and a groundwater reactive
transport model. The use of the MCMC capability is made straightforward and flexible by adopting the
JUPITER API protocol. With the new MCMC capability, UCODE_2014 can be used to calculate three types
of uncertainty intervals, which all can account for prior information: (1) linear confidence intervals
which require linearity and Gaussian error assumptions and typically 10se100s of highly parallelizable
model runs after optimization, (2) nonlinear confidence intervals which require a smooth objective
function surface and Gaussian observation error assumptions and typically 100se1,000s of partially
parallelizable model runs after optimization, and (3) MCMC Bayesian credible intervals which require
few assumptions and commonly 10,000se100,000s or more partially parallelizable model runs. Ready
access allows users to select methods best suited to their work, and to compare methods in many
circumstances.

Published by Elsevier Ltd.
Software availability

Name of software: The Markov Chain Monte Carlo capability in
UCODE_2014

Description: The Markov Chain Monte Carlo capability developed
in UCODE_2014 to generate parameter samples and
evaluate parametric and predictive Bayesian
uncertainties

Developer: Dan Lu (lud1@ornl.gov), Mary Hill (mchill@usgs.gov),
and Eileen Poeter (epoeter@mines.edu)

Programming language: Fortran
Availability: Download from website http://igwmc.mines.edu/free
ware/ucode/
1. Introduction

Quantifying uncertainty in evaluations and predictions of how
anthropogenic and/or natural events affect the environment is an
important step of any mathematically based modeling effort. The
new version of UCODE, UCODE_2014, provides a set of uncertainty
quantification methods that range from computationally frugal
regression methods (as few as 10se100s of model runs after opti-
mization) with often significant restrictive assumptions, to
computationally demanding Bayesian methods (commonly
10,000se100,000s of model runs) with few restrictive assump-
tions. All methods are able to account for prior information. Having
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this range of methods readily accessible to users as provided by
UCODE_2014 is important to the following goals:

(1) investigative studies in which the different uncertainty in-
tervals types are compared and guidance is provided about
circumstances for which the more computationally expen-
sive Bayesian credible intervals are likely to be important and
when the computationally cheaper regression confidence
intervals are potentially useful (for example, see Lu et al.
(2012)),

(2) progressive calculation of intervals so that computationally
frugal regression confidence intervals can be used routinely
earlier in a study while the more expensive Bayesian credible
intervals can be calculated occasionally and often later in the
study,

(3) calculation of only Bayesian credible intervals (as needed for
models with very irregular objective function surfaces and
often with multiple local minima) and,

(4) calculation of only computationally frugal regression confi-
dence intervals (as needed to enable use of computationally
demandingmodels and evaluation usingmultiple alternative
models, and valid if linearity or smoothness, and Gaussian
assumptions are not violated too much).

A program supporting such flexible strategies is needed because
of limitations in the existing programs developed for uncertainty
analysis in the environmental community. For example, the
DAKOTA optimization and uncertainty software (Adams et al.,
2013) previously evaluated the Bayesian credible intervals using
the DRAM algorithm (Haario et al., 2006) which can be less efficient
and unreliable for complex and multimodal problems than the
DREAM algorithm used in UCODE_2014 (Vrugt et al., 2009). DREAM
is now in the process of being implemented in DAKOTA.
UCODE_2005 (Poeter et al., 2005) and PEST (Doherty, 2005) (which
are both inverse modeling codes that can be used with any process
models with ASCII-based inputs and outputs) provide uncertainty
analysis with linear and nonlinear regression confidence intervals.
Null space Monte Carlo (NSMC), another uncertainty analysis
method encapsulated in PEST, provides predictive probability dis-
tributions in a computationally efficient way (Keating et al., 2010),
but can display erratic performance (Laloy and Vrugt, 2012).
iTOUGH2 (Finsterle and Zhang, 2011a,b) evaluates predictive un-
certainty using linear uncertainty propagation and simple Monte
Carlo analysis based on the distributions of uncertain parameters.
Although they both use a Monte Carlo method, neither NSMC nor
iTOUGH2 analyzes the predictive uncertainty in a rigorous Bayesian
way by evaluating the posterior distributions. MICA (Doherty,
2003) and DREAM (Vrugt et al., 2008, 2009) (which are both
MCMC codes that can be used to generate parameter samples from
their posterior probability distribution) calculate only Bayesian
credible intervals. None of the listed programs calculate both
regression confidence intervals and Bayesian credible intervals
efficiently.

MICA and DREAM are the twomost widely used programs in the
environmental community for Bayesian uncertainty analysis, and
both codes are available at no charge from the developers. MICA is
developed based on the MetropoliseHastings algorithm. It is easy
and straightforward to use with any process model that uses ASCII-
based inputs and outputs. MICA input file and template and in-
struction files are similar or equivalent to those of PEST; the tem-
plate and instruction files can also be usedwith UCODE_2014. MICA
provides a wide range of probability density functions for the
MCMC parameter prior distribution, and can evaluate parametric
uncertainties for any or all model parameters and derived param-
eters. MICA cannot perform parallel MCMC computations. MICA
works well for estimating unimodal posterior distributions, but for
multimodal problems it cannot sample the target posterior distri-
bution efficiently with a single proposal distribution (Gallagher and
Doherty, 2007; Lu et al., 2012). This problem is resolved by DREAM
(Vrugt et al., 2008, 2009) which is described in Section 2 of this
paper.

This work integrates the DREAM algorithm into UCODE_2014,
which is documented by Poeter et al. (2005, 2014). Inspired by the
structure of MICA, the UCODE_2014 MCMC capability is user-
friendly and can be easily used without in-depth knowledge of
MCMC. The MCMC capability generates parameter samples and
produces Bayesian predictive uncertainty by calculating model
predictions from the generated parameter samples after a burn-in
period (i.e., the parameter samples after chain convergence). The
MCMC simulation in UCODE_2014 has parallel computing capa-
bility where the process model runs for different chains are
accomplished on different processors for simultaneous execution.
This greatly accelerates the MCMC sampling process.

With the new MCMC capability, UCODE_2014 can be used to
calculate three types of uncertainty intervals: linear and nonlinear
confidence intervals and Bayesian credible intervals. Confidence
intervals are based on regression theories and credible intervals are
based on Bayesian theories. While both can include the effect of
prior information, confidence and credible intervals are conceptu-
ally different, and their differences and similarities are discussed in
statistical literature including Jaynes (1976), Bates and Watts
(1988), and Box and Tiao (1992). A recent discussion and litera-
ture review in the context of environmental modeling is presented
by Lu et al. (2012). Given a nonlinear model and multi-Gaussian
distributed observation errors, theory suggests that nonlinear
confidence and credible intervals can be numerically identical if
model nonlinearity is “small enough” and there are no local
minima. They present a groundwater flow problemwhich indicates
that even linear intervals can provide useful evaluations of uncer-
tainty given common levels of nonlinearity. However, many envi-
ronmental problems are so nonlinear that Bayesian methods with
less restrictive assumptions are needed, and the ability to calculate
both regression confidence intervals and Bayesian credible in-
tervals is important (Vrugt and Bouten, 2002; Gallagher and
Doherty, 2007; Liu et al., 2010; Shi et al., 2012, 2014).

The computational cost of calculating the confidence and
credible intervals can be considerably different. Calculating the
linear and nonlinear confidence intervals typically requires
10se1,000s of model runs after a calibrated model is achieved.
Model calibration includes identifying both the best fit parameter
values and other aspects of model development. For a given model,
one MCMC simulation can determine both the best fit parameter
values and credible intervals that require neither smoothness nor
Gaussian error assumptions. MCMC credible intervals can some-
times be obtained using 1,000s of model runs, but commonly
require 10,000s, and even millions of model runs. For all methods,
the number of model runs required tends to increase with problem
dimensionality, though with linear confidence intervals the rate of
increase is plus two runs for each additional parameter, more for
nonlinear confidence intervals, and much more for MCMC credible
intervals. Increasing nonlinearity leads to more model runs for
nonlinear confidence intervals and MCMC credible intervals.

This paper introduces the MCMC capability implemented in
UCODE_2014 and presents extensive tests. First, the MCMCmethod
is briefly described in Section 2 with emphasis on the UCODE_2014
implementation. In Section 3, the features of the capability are
discussed in detail. In Section 4, a 10-dimensional multimodal
mathematical function and a 100-dimensional Gaussian function
are used to test the MCMC capability in complex sampling prob-
lems, and a groundwater reactive transport model is presented to
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illustrate that it is straightforward and flexible to use. Last,
concluding remarks are summarized in Section 5.
2. MCMC DREAM algorithm in UCODE_2014

2.1. MCMC method and DREAM algorithm

Bayesian analysis estimates the posterior probability density
functions of model parameters and predictions. Based on the Bayes’
theorem, the posterior distribution pðqjDÞ of model parameters q

given observation data D combines the data likelihood
LðqjDÞ ¼ pðDjqÞ with the parameter prior distribution p(q), as
follows,

pðqjDÞ ¼ LðqjDÞpðqÞ
�Z

LðqjDÞpðqÞdq: (1)

Assumingmulti-Gaussian distributed errors in the observations,
the likelihood function is constructed as,

L qjDð Þ ¼ p Djqð Þ

¼ 2pð Þ�N=2jCj�1=2 exp �1
2

D� bD� �T
C�1 D� bD� �� �

(2)

where N is the number of data, C is the covariance matrix of
observation errors, bD is a vector of simulated values, and term
ðD� bDÞTC�1ðD� bDÞ represents the sum of squared weighted re-
siduals (SSWR). Bayesian analysis supports different kinds of like-
lihood functions, and is not limited to the Gaussian function used in
UCODE_2014 (Smith et al., 2010; Zhang et al., 2013).

A number of MCMC techniques have been developed for
Bayesian analysis in environmental modeling. Most use the
Metropolis sampler (Metropolis et al., 1953) and differ from each
other mainly in construction of the proposal distribution to evolve
the chain. In theMetropolis algorithm, after initializing the chain by
drawing a parameter sample qt from a certain distribution (e.g., the
parameter prior distribution) the sampler proceeds in the following
three steps. First, a candidate sample q* is sampled from a proposal
distribution q, which is required to be symmetric,
qðq*��qtÞ ¼ qðqt��q*Þ. Next, the candidate sample is either accepted or
rejected based on the following Metropolis ratio a:

a ¼ p
�
q*

��D	
p
�
qt
��D	

8<
:

� 1;qtþ1 ¼ q*

<1


a> reU�0;1�; qtþ1 ¼ q*

otherwise; qtþ1 ¼ qt

(3)

where pðq*��DÞ is calculated with equation (1) in which the likeli-
hood Lðq*��DÞ is calculated for q* using equation (2), and the
calculation of pðqt��DÞ is conducted in the same manner. In equation
(3), the denominator of equation (1) cancels, thus avoiding the
computationally expensive multiple dimensional integration.
Finally, if the candidate sample is accepted the chain uses qtþ1 ¼ q*

as the sample at iteration tþ 1; otherwise the chain keeps using the
current sample qtþ1 ¼ qt.

Theory shows that the Metropolis sampler converges to the
target distribution pðqjDÞ under certain regularity conditions
(Robert and Casella, 2004, p.270). In practice, the convergence is
often observed to be impractically slow due to problems with the
selected proposal distribution. When the proposal distribution is
too wide, very few candidate samples are accepted, and the chain
does not mix properly and thus converges slowly. If the proposal
distribution is too narrow, the acceptance rate is rather large, and
the chain does not reach far enough and thus it requires many it-
erations to sample the entire posterior distribution. Among the
existing MCMC algorithms, DREAM is able to automatically tune
the scale and orientation of the proposal distribution in random-
ized parameter subspaces during its global exploration. This
significantly enhances the computational efficiency for complex
and multimodal problems. DREAM accelerates the convergence in
three ways. First, DREAM only updates selected dimensions when a
candidate sample is generated, which improves efficiency for high-
dimensional problems because with increasing dimensions it is
often not optimal to change all dimensions simultaneously. Second,
DREAM generates the candidate sample using a differential evo-
lution offspring strategy with use of more than one pair of chains,
which increases the diversity of the proposal and thus facilitates
the updating of the proposal distribution to the target. Third,
DREAM explicitly handles and removes chains stuck in nonpro-
ductive parts of the parameter space, which speeds up convergence
to the target distribution. More information about the DREAM al-
gorithm is presented in Vrugt et al. (2008, 2009).

MCMC convergence can be diagnosed by the Gelman-Rubin bR
statistic calculated from multiple chains running simultaneously
(Gelman et al., 1995). bR below 1.2 is considered as a practical cri-
terion of convergence by Gelman and Rubin (1992). After conver-
gence, the generated parameter samples are taken from the target
distribution pðqjDÞ and can be used for Bayesian uncertainty
analysis to compute the credible intervals. The threshold of 1.2 is a
rule of thumb and the samples from later iterations represent the
target distributionmore accurately, so in practicewhen the number
of parameter samples after chain convergence is larger than the
50% of the total samples in each chain, the last 50% of the samples in
the joint chains are commonly used for the uncertainty analysis
(Gelman and Rubin, 1992; Laloy and Vrugt, 2012).
2.2. Existing MCMC DREAM programs and relation to UCODE_2014

The original version of DREAM is written in MATLAB. For those
who are familiar with MATLAB, a simulation can be easily set up by
specifying certain variables in the input file. For those who have
limited programming expertise, the DREAMMATLAB code provides
versatile examples which should be sufficient for them to set up a
new problem. The original MATLAB version of DREAM has been
recently translated to different languages such as C, Cþþ, FORTRAN,
R, and Python, and can be downloaded from http://faculty.sites.u
ci.edu/jasper/sample/.

Parallelization of the DREAM MATLAB code is implemented in
Octave using the MPITB toolbox. With this approach, only minor
modifications are needed to the original sequential MATLAB source
code to facilitate implementation on a distributed computer sys-
tem. Implementation of the parallel DREAM MATLAB code can
proceed as shown in the examples presented in Vrugt et al. (2006)
and Laloy and Vrugt (2012). The parallel R version of DREAM can be
set up as described by Joseph and Guillaume (2013).

For UCODE_2014, the MCMC DREAM algorithm was written in
FORTRAN using capabilities of the JUPITER API (Banta et al., 2006,
2008) to enable user-friendly data input, UCODE- and PEST-
compatible template and instruction files, and efficient access to
multiple processors for parallelization. The MCMC functions
developed in UCODE_2014 are largely a migration of a subset of
existing functions implemented in the series of DREAM codes
developed by Jasper Vrugt; theMCMC capabilities are not advanced
as part of this work and it only considers Gaussian likelihood
function. To serve the goals discussed in the introduction of this
paper, UCODE_2014 provides unique access to uncertainty quan-
tification methods that range from very computationally frugal
linear regression method to the computationally demanding
MCMC Bayesian method.

http://faculty.sites.uci.edu/jasper/sample/
http://faculty.sites.uci.edu/jasper/sample/


Initialize problem [UCODE_Control_Data, MCMC=yes;
MCMC_Controls (Nchain, GelmanR)]

Start generating an initial parameter sample from prior PDF and calculate the
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Execute prediction model to get predictions for converged parameter samples
[Run UCODE in Prediction Mode, MCMC_PREDICTION=yes]

Yes

Start generating parameter samples

STOP

Start generating prediction samples

Fig. 1. Flowchart of MCMC capability in UCODE_2014 with the MCMC part shown in
red and UCODE_2014 input blocks other than those unique to MCMC shown in blue.
Input blocks with keywords that control the listed performance are listed in brackets.
The boxes with gray shading are repeated in each chain. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this
article.)
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2.3. UCODE_2014 structures and features

Previous versions of UCODE (most recently, UCODE_2005) have
been widely used in environmental modeling for sensitivity anal-
ysis, data needs assessment, calibration, prediction, and uncer-
tainty analysis. All these analyses are based on regression theory,
which makes the integration of MCMC into UCODE_2014 for
Bayesian uncertainty analysis necessary. UCODE_2014 (like previ-
ous versions of UCODE) is constructed based on the JUPITER API
(Banta et al., 2006, 2008) whose structures are designed to support
development of computer programs dedicated to model analysis.
Their utility in this integration of MCMC into UCODE_2014 includes
the following.

1. Interacting with any process model in an easy and flexible
way. UCODE_2014 first uses a template file to create process
model input files with provided parameter values; then it uses
command line in batch mode to execute the process model(s);
last it uses an instruction file to extract simulated values from
the process model output file. This procedure and files follow
the same conventions as PEST, so PEST applications can easily
take advantage of the MCMC capability in UCODE_2014, and
UCODE_2014 applications can easily take advantage of PEST
capabilities.

2. Flexible input design based on input blocks with keywords.
Unique keywords in the UCODE_2014 main input file control
specific capabilities of UCODE_2014. For example, in
UCODE_2014, MCMC simulation can be activated by setting the
keyword MCMC as yes. The employment of input blocks facili-
tates reuse of constructed input in different applications. For
example, the observation and prediction input blocks used to
analyze the regression predictive uncertainty can also be used
for MCMC Bayesian uncertainty analysis.

3. Data-exchange files for improved communication between
applications. For example, the regression results saved in data-
exchange files can be used to initialize the MCMC process as
discussed below.

4. The flexible equation capability. This can be used to analyze
uncertainty for predictions which are functions of model out-
puts, e.g., streamflow loss and gains.

In addition, UCODE_2014 is capable of calculating measures of
model nonlinearity (e.g., using Beales nonlinearity measure based
on calibration results) which can be used for preliminary evaluation
about how close regression confidence intervals and Bayesian
credible intervals are likely to be (Poeter et al., 2005; Lu et al., 2012).
For problems with large measures of model nonlinearity, uncer-
tainty will be evaluated more accurately using Bayesian credible
intervals. Problems with smaller measures of model nonlinearity
can have local minima which again are better evaluated using
Bayesian credible intervals. If credible intervals are to be calculated,
the above outlined progressive calculation of confidence and
credible intervals is useful and the capabilities of UCODE_2014
make this easy. The switch from one calculation to the other can be
implemented by simply changing several keywords and input
blocks in the main input file.
2.4. Procedure of the MCMC capability in UCODE_2014

The MCMC procedure in UCODE_2014 is presented in Fig. 1. It
consists of two separate runs, generating parameter samples to
evaluate parametric uncertainty and generating prediction samples
to evaluate predictive uncertainty. The two runs are conducted
sequentially. In generating parameter samples, for one step of a
sequential run, the program first generates a parameter sample (a
vector of all parameters) for the first chain, then moves to another
chain. After going through all the chains, it repeats the process to
generate the next sample for the first chain, and so on. For a parallel
run, the independent process model runs of different chains are
assigned to different processors for simultaneous execution. In
generating prediction samples, the converged parameter samples
from all chains are evaluated. This process can be run sequentially
or fully parallelized.

In the entire implementation, the core of the MCMC process
remains intact, i.e., its initialization of the chains, its generation of
the candidate samples, and its use of the Metropolis ratio to evolve
the chains. UCODE_2014 capabilities are used to (1) transfer
parameter values to process model input files, (2) execute the
process model(s), and (3) assemble output values. Future en-
hancements to the MCMC algorithm will not affect the simulation
setup, because the modularized program structure allows all other
aspects of UCODE_2014 to remain the same.
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3. Features of the MCMC capability in UCODE_2014

The MCMC capability in UCODE_2014 has features not only
related to the advanced algorithm of MCMC sampler (DREAM) but
also of the UCODE structures as mentioned above. Some of these
features are not available or are available in a substantially less
convenient manner in other MCMC programs for the application of
Bayesian uncertainty analysis. In this section, major features of the
MCMC capability are discussed in detail.

3.1. Initializing MCMC simulation in multiple ways

How Markov chains are started affects simulation efficiency. In
UCODE_2014, Markov chains can be started in the following three
ways:

(1) Each chain is started with the first parameter sample drawn
from the parameter prior distributions defined in the
MCMC_Prior_PDF input block. This is the most general way
to start a chain if little information of the target posterior
distribution is available.

(2) Each chain is started with the first parameter sample drawn
from a multi-Gaussian distribution with mean and covari-
ance matrix from UCODE_2014 parameter optimization
analysis. In this work, this initialization of chains is shown to
be efficient for unimodal problems. For a multimodal prob-
lem, it may take more iterations to reach convergence than
option (1).

(3) If a previous MCMC run was conducted, but either it did not
converge or the number of generated parameter samples
was determined to be insufficient, then a newMCMC run can
be restarted where the previous run terminated. With this
initialization, much computational time can be saved.
3.2. Parameter prior distributions

Parameter prior distribution plays an important role in MCMC
simulation for Bayesian uncertainty analysis. The prior distribution
can be used to initialize the Markov chains. The prior density needs
to be calculated when evaluating the Metropolis ratio (equation
(3)). When the prior distribution is informative and the number of
calibration data is not large, the prior distribution can greatly affect
the target posterior distribution. UCODE_2014 provides eleven
widely used distributions, ten of which are for individual parame-
ters and one for interdependent parameters. The ten univariate
distributions are uniform, normal, log-normal, beta, chi-square,
inverse chi-square, scaled inverse chi-square, gamma, inverse
gamma, and exponential. Currently, only the multivariate normal
distribution is available for considering interdependence between
parameters.

3.3. Accounting for observation errors

In the calculation of SSWR values, UCODE_2014 (like previous
versions of UCODE) allows weighting to be calculated as the
inverse of a variance/covariance matrix of observation errors
(Hill and Tiedeman, 2007). UCODE_2014 has the following three
design features in regard to accounting for the observation
errors.

(1) If the errors are considered to be independent, the weighting
is a diagonal matrix with the weight for each observation
equal to 1=s2i , where s2i is the variance of the associated er-
ror. Besides the variance, UCODE_2014 conveniently allows
users to provide a standard deviation or coefficient of vari-
ation (CV), and it then calculates the weights internally. If CV
is used, UCODE_2014 provides enhanced capabilities for
calculating the weights using observed or simulated values,
as considered by Anderman and Hill (1999).

(2) If the errors are taken to be correlated, UCODE_2014 allows
users to specify a full covariance matrix of the errors, and it
then calculates the inverse of the matrix internally to obtain
the weights.

(3) The third feature is a special situation of feature (2).
UCODE_2014 allows users to input the full covariance matrix
in a compressed format to reduce the computer storage for
what is often a large and sparsematrix. Formore information
see Poeter et al. (2005).
3.4. Structured inputs and outputs

An MCMC simulation in UCODE_2014 needs the main input file
for simulation setup, and the template and instruction files for
communicationwith the process model. In some special situations,
extra inputs may be required. For example, when the MCMC
simulation starts with the parameter sample drawn from a multi-
Gaussian distribution defined with UCODE_2014 parameter opti-
mization results, the simulation needs the files in which
UCODE_2014 saves optimal parameter estimates and their covari-
ance matrix (i.e., data-exchange files _paopt and _mv).

The MCMC outputs include the main output file that contains
echoes of the inputs and the iteration number at which chains
converge based on the bR statistic, and data-exchange files. For
example, the parameter samples and associated simulated values
and log likelihood functions at a certain iteration interval for each
chain are written in files that can be opened by common software
such as Excel for post-processing. The iteration interval is specified
by users in the MCMC_Controls input block using the keyword
PrintStep; with a large value of PrintStep the size of the output files
can be reduced. By plotting the samples for all chains versus iter-
ation number using common software such as Excel, four charac-
teristics are revealed: (1) the chains' evolutions to the target
posterior distribution, (2) a rough estimate of whether and when
the chains are mixed, (3) whether the parameter posterior distri-
bution has multiple modes, and (4) how the chains jump between
the modes. Moreover, by plotting the sample mean, sample stan-
dard deviation and sample covariance along with the number of
iterations, one can diagnose chain convergence visually. With suf-
ficient parameter samples after chain convergence, the last 50% of
the samples in all chains are used to plot the histogram of each
individual parameter to estimate its marginal posterior distribution
and to construct the scatter plots of any two parameters to analyze
parameter correlation. The parametric uncertainties can be evalu-
ated by calculating the equal-tailed credible intervals. Based on the
output files of simulated values, the normality of the residuals can
be evaluated to test the Gaussian assumption. The output files also
include Gelman-Rubin bR information at an iteration interval spec-
ified by users with the same keyword PrintStep as mentioned
above. Finally the last parameter sample and associated log likeli-
hood function for all chains, which are needed to restart the chains,
arewritten in a file. These output files can be imported to GW-Chart
(http://water.usgs.gov/nrp/gwsoftware/GW_Chart/GW_Chart.
html) for statistical analysis.

3.5. Predictive uncertainty analysis

Analyzing Bayesian predictive uncertainty is accomplished us-
ing a separate run of UCODE_2014. In this run, the main input file

http://water.usgs.gov/nrp/gwsoftware/GW_Chart/GW_Chart.html
http://water.usgs.gov/nrp/gwsoftware/GW_Chart/GW_Chart.html


Fig. 2. Results for the 10-dimensional bimodal mathematical function. Evolution of
sampled q1 values (a) in ten chains and (b) in two chains, with different chains rep-
resented in different colors; (c) approximated (histogram) and theoretical (red curve)
marginal posterior distributions of q1. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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for the MCMC run can be used with the following changes: add the
prediction input block and change the forward model run to a
prediction model run. The prediction quantities can be model
outputs or functions of model outputs. After activating the MCMC
prediction run, UCODE_2014 evaluates the predictions for a
sequence of parameter samples starting with sample ItStartPred,
which is defined by the user in the MCMC_Controls input block.
UCODE_2014 produces a file recording the prediction samples for
each chain. The predictive uncertainty can be assessed in the same
manner as discussed in Section 3.4 for parametric uncertainty.

3.6. Parallel computing capability for MCMC simulation

In the MCMC run, for each generated parameter sample, the
process model needs to be executed. The number of samples is
generally large, often exceeding 10,000. For each chain each run
depends on the preceding run, so parallelization is not possible
within a chain. However, when the MCMC simulation is performed
by launching several chains, parallelization opportunities exist.

To run the program in parallel, the only requirement is network
read-and-write access between processors. This can be imple-
mented in bothWindows and Linux operating systems. In principle,
DREAM requires at least three chains for the differential evolution
offspring strategy to generate a candidate sample, and at least
Nchain ¼ Np/2 to Np chains (dependent on problem complexity) for
parallel runs to be efficient, where Nchain is the number of chains
and Np is the number of parameters. In situations with limited
processors and a moderate number of parameters, it is suggested
that Nchain equal Np for computational efficiency (fewer chains
imply fewer samples discarded in the burn-in period) and for
approximation accuracy (more chains imply more possible areas of
the posterior distribution that could be efficiently sampled). If
enough processors are available, more chains than the number of
parameters can be used. Ideally, this can achieve speedups nearly
proportional to the number of processors available and in our
experience the speedups of about half the number of processors are
more common. This greatly reduces the execution time and makes
the routine use of Bayesian uncertainty analysis possible for many
problems. For complex problems with many local minima, it is
suggested that Nchain be greater than Np to increase the diversity of
the proposals and accelerate the visits of all possible modes.

In the MCMC prediction run, for each converged parameter
sample, the predictions need to be evaluated. This process can be
fully parallelized since all the samples are independent and the
user can use as many processors as possible to achieve the largest
efficiency.

4. Applications of the MCMC capability in UCODE_2014

In this section, we demonstrate the features and applicability of
the MCMC capability in UCODE_2014 for three case studies with an
increasing level of complexity. The first two case studies are
mathematical functions, one has 10 dimensions with two modes
and the other has 100 dimensions. They are designed to test the
MCMC capability to infer a known posterior target distribution for
multimodal and high-dimensional problems. The third case study
considers an example in groundwater reactive transport modeling
to demonstrate potential applications of the program. The discus-
sion focuses on the program's features rather than on the scientific
contents of the analysis.

4.1. Case study I: a 10-dimensional bimodal mathematical function

This case study is used to test the MCMC DREAM algorithm
implementation in UCODE_2014 by simulating a known posterior
probability density function with multimodality. A 10-dimensional
(10 parameters) bimodal function for which each parameter has
two well-separated modes was adapted from Ter Braak (2006) and
Vrugt et al. (2009). It has the form

pðqÞ ¼ 1=3N10ð�5; I10Þ þ 2=3N10ð5; I10Þ (4)

where N10(¡5,I10) represents the 10-dimensional multivariate
normal distribution with mean �5 and covariance of identity ma-
trix, and N10(5,I10) represents the same distribution but with mean
5. The distribution has two separated modes at �5 and 5 in each
dimension of the 10-dimensional space. This type of distribution is
known for its difficulty to approximate with MCMC, because the
chains need to jump from one mode to the other and it is common
for chains to get stuck in one mode with a few or even no visits to
the other mode for many iterations. This greatly increases the
number of iterations to achieve convergence.

Ten chains are launched by drawing the first sample from a
uniform distribution within the range �20 to 20 for each of the ten
parameters. Each chain evolves 50,000 iterations. Fig. 2(a) shows
the evolution of parameter q1 in the ten chains to the target pos-
terior distribution (equation (4)), with different chains plotted in
different colors. The figure indicates that the MCMC simulation in
UCODE_2014 can successfully jump from one mode to the other
with visits in both modes during chain evolution. This can be
clearly seen in Fig. 2(b) where the evolutions of two chains are
plotted by connecting successive parameters within a given chain.



Fig. 3. Plots of Gelman-Rubin bR statistics of all the ten parameters (different parameter
with different colors) based on (a) UCODE_2014 and (b) DREAM MATLAB codes. The
threshold of bR value 1.2 is indicated by the black dash lines. The red dashed vertical
lines indicate that after about 4000 iterations the bR values are smaller than 1.2, sug-
gesting chain convergence. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Fig. 4. Evalution of the sampled mean of x1, the sampled standard deviations (std) of x1
and x100, and the sampled covariance (cov) between x1 and x100 for the 100-
dimensional multivariate Gaussian function initialized from uniform distribution (a)
U [�5.0, 15.0] and (b) U [9.9, 10.0]. The true values of the four entities are separately
indicated with different colored symbols at the right hand side in the figures.
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The mode with larger density has more visits and this is true for all
the chains, resulting in a good mix of the individual paths and
consequently a relatively fast convergence after about 4000 itera-
tions. The chain convergence is diagnosed by the Gelman-Rubin bR
statistic. As shown in Fig. 3(a), after about 4000 iterations the bR
statistic is smaller than the threshold of 1.2, and this is similar to the
result of the original MATLAB version of DREAM code as shown in
Fig. 3(b). The marginal posterior distribution of the parameter q1 is
estimated by a histogram constructed by the last 50% of the sam-
ples in the ten chains (total 0.5 � 50,000 � 10 ¼ 250,000 samples),
as exhibited in Fig. 2(c). The sampled histogram demonstrates good
agreement with the theoretical distribution. This simple example
demonstrates that the MCMC capability of UCODE_2014 correctly
simulates the underlying multimodal posterior distribution. Fig. 3
and comparison of Fig. 2 with Fig. 2 of Vrugt et al. (2009) qualita-
tively indicate that the DREAM algorithm has been correctly pro-
grammed and integrated into UCODE_2014.

4.2. Case study II: a 100-dimensional multivariate Gaussian
function

The second case study tests how the DREAM implementation
copes with a high dimensional problem by simulating a known
posterior probability density function with 100 dimensions. A 100-
dimensional (100 parameters) multivariate Gaussian function with
means of zeros was adapted from Vrugt et al. (2009). The covari-
ance matrix was set with the ith diagonal term equal i, and all
pairwise correlations were 0.5, i.e., the covariance between the first
and the last parameters is 5.0. As in Vrugt et al. (2009), the initial
sample is drawn from two uniform distributions, X~U[�5.0,15.0]
and X~U[9.9,10.0], to test the performance of our program for both
under- and over-dispersed initial distributions.

One hundred chains were launched in each initial distribution
and each chain evolved 10,000 iterations resulting in 1,000,000
function evaluations. Fig. 4 illustrates the evaluation of the sampled
mean of x1, the sampled standard deviations of x1 and x100, and the
sampled covariance between x1 and x100 for the two initial distri-
butions. These four posterior moments were calculated using the
50% of the most recent samples. For example, when the number of
function evaluations is 1,000,000, the moments were calculated by
the last 50% of the samples in all the 100 chains. The true values of
the four moments are 0.0, 1.0, 10.0, and 5.0 respectively, and they
are separately indicated in the figure with different colored sym-
bols. The figure indicates that the simulation smoothly approaches
the true values in about 300,000 function evaluations for both
initial distributions. In fact, in both cases, the chains converge after
about 5000 iterations as indicated in Fig. 5. Fig. 5 plots the Gelman-
Rubin bR statistics of all 100 parameters and the bR values are smaller
than 1.2 after about 5000 iterations. The accuracy of our program is
evaluated by the average normalized Euclidean distance (D) to the
true mean and the true standard deviation as defined in the
equation (6) of Vrugt et al. (2009). The sampled mean and standard
deviationwere calculatedwith the last 50% of the samples in all 100
chains, i.e., the samples after chain convergence. The D values of the
two initial distributions are 0.042 and 0.034, respectively. This
suggests that the MCMC capability of UCODE_2014 can efficiently
and effectively simulate the 100-dimensional posterior
distribution.

4.3. Case study III: a groundwater reactive transport model

In the third case study, the MCMC capability of UCODE_2014 is
used to approximate the posterior distributions of model parame-
ters and predictions and to evaluate the parametric and predictive
uncertainties. To provide a test, a synthetic problem is considered.
The synthetic problem is adapted from Kohler et al. (1996). Kohler
et al. (1996) conducted eight column experiments to study uranium
reactive transport and used seven alternative surface complex
models (C1eC7) to simulate the uranium adsorption. In their study,
the seven models were calibrated against concentration data from
their experiments 1, 2, and 8.

In the synthetic study, model C4 of Kohler et al. (1996) is
considered. As shown in Table 1, the model has two surface func-
tional groups: the weak site (S1OH) and the strong site (S2OH).
There are four parameters all expressed in their logarithm forms:
three surface complexation formation constants (LogK1, LogK2, and
LogK3) and a fraction of site density for the strong site (LogSite).



Fig. 5. Plots of Gelman-Rubin bR statistics of all 100 parameters (different parameter
with different colors) for the 100-dimensional Gaussian function initialized from
uniform distribution (a) U [-5.0, 15.0] and (b) U [9.9, 10.0]. The threshold of 1.2 is
indicated by the black dash lines. The red dashed vertical lines indicate that after about
5000 iterations the bR values are smaller than 1.2, suggesting chain convergence. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)
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These four parameters are treated as random variables, as their
values cannot be determined with certainty. Synthetic concentra-
tion data are first generated by simulating the model with the
parameter values listed in Table 1 under the chemical conditions of
experiments 1, 2, and 8 of Kohler et al. (1996). The computer code
RATEQ developed by Curtis (2005) was used to generate 120 ura-
nium concentrations. The concentrations are corrupted with mea-
surement errors that follow amulti-Gaussian distributionwith zero
mean and diagonal covariance matrix with the coefficient of vari-
ation of 3%. The 120 noisy data were then used to define the
objective function used in the model calibration for regression
uncertainty evaluation and the likelihood function (equation (2))
used in the MCMC simulations. The uncertainty analysis is also
conducted for the uranium concentrations simulated at 118 time
steps under the chemical conditions of experiment 4 of Kohler et al.
(1996). It should be noted that only parametric uncertainty is
considered in evaluation of the predictive uncertainties in this
study. The work of Lu et al. (2013) and Shi et al. (2014) showed that
for the similar problem model uncertainty dominates over para-
metric uncertainty.

We first use UCODE_2014's optimization capability and mea-
sures of model nonlinearity to explore the model's complexity.
Table 1
Surface complexation reactions and true parameter values of the reactive transport
model. Total site density used in the model is 1.3 � 10�3 mol/Lbulk.

U(VI) surface reaction Formation constant Site fraction

S1OHþ UO2þ
2 þH2O

¼ S1OUO2OHþ 2Hþ
Log(K1) ¼ �4.914 1.0 e Site

S2OHþ UO2þ
2 þH2O

¼ S2OUO2OHþ 2Hþ
Log(K2) ¼ �3.3568 Log(Site) ¼ �1.7104

S2OHþ UO2þ
2

¼ S2OUO
þ
2 þHþ

Log(K3) ¼ 0.9690
Then we use UCODE_2014 and a fast-run post processing program
of LINEAR_UNCERTAINTY to calculate linear confidence intervals of
the four parameters based on equation (5) and of the 118 concen-
trations of experiment 4 based on equation (6).

bq±2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
diag

�
Covbq	

q
; where Covbq ¼ s2

�
XTC�1X

��1
(5)

by±2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
diag

�
Covby

�r
; where Covby ¼ s2Z

�
XTC�1X

��1
ZT (6)

where bq is the parameter estimates, by is the prediction vector, s2 is
the estimated error variance, C is the covariance matrix of errors
used in equation (2), X is the sensitivity matrix of the observations
with respect to parameters evaluated at bq, Z is the corresponding
sensitivity matrix of the predictions, and symbol diag means the
diagonal terms of the covariance matrix, i.e., the variance.

Several parameter optimization runs with different starting
values suggest absence of any local minima for this relatively
simple reactive transport problem because all these runs end up
with the same optimal parameter estimates. The relatively small
value, 0.21, of Beales nonlinearity measure indicates that the model
is not very nonlinear around the optimization identified minimum
because the value of 0.21 is about half of the nonlinear criterion of
0.41. Fig. 6 plots the 95% linear confidence intervals of the four
parameters and Fig. 7 plots the intervals of the 118 predictions. Both
figures indicate that the intervals include the true values. The
presence of the one global minimum and the small model
nonlinearity suggest that the regression confidence intervals and
Bayesian credible intervals may be close to each other, according to
Lu et al. (2012).

The main input file for the MCMC analysis is shown in Fig. 8.
Keyword MCMC in the UCODE_Control_Data input block launches
the MCMC simulation. The MCMC_Controls input block provides
information related to the simulation, e.g., the number of chains,
the maximum number of generated parameter samples for each
chain and the way to start the chains. For most of these settings,
default values are used if the keyword does not appear. The
MCMC_Prior_PDF input block replaces the Parameter_Data and
Linear_Prior_Information input blocks used in regression to define
the parameters and supplies the parameter prior information. The
MCMC_Prior_PDF input block provides the parameter names, the
physically reasonable parameter ranges, the prior distribution type
and its associated statistics. These are defined to start the chains
and calculate the prior density. For each parameter, the parameter
range is defined by keywords MCLowerConstraint and MCUpper-
Constraint as required to ensure a meaningful forward run. The
default prior distribution is uniform bounded by the given
parameter range, so for a problem with uniform prior only three
keywords are required as shown in Fig. 8. The Observation_Data
input block remains unchanged from other UCODE_2014 modes
and is used to evaluate the likelihood function. In Fig. 8 this and
other input blocks use information from separate files that are not
shown; e.g., the file Expt128.obs used in Observation_Data input
block. For this problem the observation weights are calculated us-
ing a coefficient of variation of 3% and the measured concentrations
all exceed zero.

The generated parameter sample is linked to the forward model
run through input blocks under headings c and f in Fig. 8. A parallel
run can be launched by setting the keyword Parallel as yes in the
Parallel_Control input block with the processors information pro-
vided in the Parallel_Runners input block.

In this case study, with sufficient processors available ten chains
are run in parallel for efficiency. Each chain evolves 10,000 itera-
tions by drawing the first parameter sample from a uniform



Fig. 6. The simulated marginal posterior distributions of the four parameters in the reactive transport model. The true parameter values are indicated in red, the 95% confidence
intervals (9 model runs) in blue and 95% credible intervals (100,000 model runs) in green. The parameter correlation coefficients (pcc) between two parameters are shown in the off
diagonal graphs to indicate their correlation. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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distribution with the ranges shown in Fig. 8. Ten processors are
used though for brevity Fig. 8 only lists two. The maximum of
10,000 samples generated in one chain (i.e., 100,000 samples in ten
chains) is deemed sufficient to explore the target posterior distri-
bution and to estimate the parametric uncertainty for this relatively
Fig. 7. The true predicted values of experiment 4 (red points) and the 95% confidence
intervals (blue lines) and credible intervals (green lines) for the reactive transport
model. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
simple problem with four parameters and one mode. For some
complex problems with a large number of parameters and/or
multiple modes, more samples may be required. If needed,
parameter sampling can be continued by restarting the MCMC run.

As an example, the MCMC evolution of LogK1 and its sample
mean for the ten chains are shown in Fig. 9(a) and (b), respectively,
with each chain plotted by a specific color. Both figures indicate that
the chains converge around iteration 2,000, fromwhich chains mix
well and the sample mean steadily approaches a constant value.
The convergence around iteration 2000 is also suggested by the
Gelman-Rubin bR statistic which is continuously less than 1.2 after
iteration 2000. In addition, Fig. 9(a) indicates that the marginal
posterior distribution of LogK1 has only one mode, and the MCMC
capability of UCODE_2014 can successfully generate samples
around the mode. The true value of LogK1 is plotted in Fig. 9(b) as a
red dot. The figure illustrates that the chains smoothly and quickly
converge to the target value. If it is known that the parameter
posterior distribution has only one mode, then the convergence
rate can be further improved by initializing the chains from the
parameter optimization results. The information about modes can
be inferred from multiple optimization runs such as those con-
ducted in this study. For this test problemwithout local minima and
with only one mode, the MCMC simulation starting from the
optimization results converges around iteration 1,000, accelerating
the efficiency by about a factor of two. Though the results are not
shown, the other three parameters have very similar performance
as depicted in Fig. 9 of LogK1.

The last 50% of the samples in the ten chains (i.e.,
0.5 � 100,000 ¼ 50,000 samples) are used to construct histograms
and estimate the marginal posterior distribution of each individual



Fig. 8. The main input file of UCODE_2014 for an MCMC run. Inputs unique to MCMC
are highlighted in gray. For this problem the MCMC_Prior_PDF input block defines only
uniform prior PDFs; eleven types of distributions are supported.

Fig. 9. The evolution of (a) parameter LogK1 and (b) its sample mean for ten chains in
the reactive transport model. The vertical black dashed lines define the end of the
burn-in period, which indicate that at iteration 2,000, the chains are converged. The
true value of the parameter is represented by a red dot at the right hand side of (b).
(For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
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parameter as depicted in the graphs along the diagonal of Fig. 6. The
graphs indicate that the sampled marginal posterior distributions
of the four parameters have only one mode which is centered on
the true values, and they are Gaussian-like with negligible skew-
ness. These parameter samples are also used to estimate the mar-
ginal posterior distributions of any two parameters as depicted in
the lower-triangle area of Fig. 6. These graphs illustrate the corre-
lation between two parameters and their correlation coefficients
are indicated in the graphs. For example, the graph in the bottom-
left corner suggests that parameters LogK1 and LogSite are strongly
negatively correlated and their correlation coefficient is �0.97. This
is physically reasonable, because, if the fraction of strong site in-
creases (i.e., LogSite increases), then the affinity of uranium for the
weak site (controlled by logK1) needs to decrease so that the
simulated uranium concentrations can match the observed con-
centrations. Therefore, the MCMC simulation confirms our under-
standing of the uranium reactive processes and may help advance
our understanding of the processes.

The parametric uncertainties of the four parameters are evalu-
ated by their 95% credible intervals using the equal-tailed method.
First, for each parameter the 50,000 samples are ordered from
smallest value to largest. Then, the lower and upper limits of the
95% credible interval equal the values that fall exactly at the 2.5%
and 97.5% levels, as shown by the green lines in Fig. 6. The fact that
the two green lines enclose the red lines (representing the true
parameter values) in all the histograms demonstrates that the in-
tervals are capable of including all the true parameter values. In
Fig. 6, the Bayesian credible intervals are close to the regression
confidence intervals for this test problemwithout local minima and
with small model nonlinearity. Similar good agreement was re-
ported recently for a groundwater flow problem (Lu et al., 2012).

For each of the 50,000 converged parameter samples, the pre-
dictions are evaluated and the predictive uncertainties are quan-
tified in the same manner as for the parametric uncertainties by
using the MCMC outputs of a prediction run. The main input file
used to generate parameter samples (Fig. 8) can be used to evaluate
prediction samples with little alteration. The prediction run is
launched by adding the keyword MCMC_PREDICTION to the UCO-
DE_Control_Data input block and setting it to yes. The keyword
ItStartPred needs to be added to MCMC_Controls input block to
specify the iteration number after which the parameter samples are
used to evaluate predictions (e.g., ItStartPred is 0.5�10,000¼ 5000
in this study). ItStartPred should not be smaller than the iteration
where chains converge as diagnosed by the Gelman-Rubin bR to
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prevent parameters from the burn-in period from being used for
evaluating predictions. ItStartPred is usually equal to half of the
maximum samples generated in one chain, and is the default value
set in UCODE_2014. The MCMC_Prior_PDF input block can remain
unchanged, although only the keyword ParamName is used. The
Observation_Data input block is ignored and a Prediction_Data
input block needs to be added. The input blocks under headings c
and f in Fig. 8 related to the forward model run need to be changed
to those corresponding to the prediction model run. The parallel
processing input block can be maintained to conduct the needed
simulations on multiple processors.

For each prediction of experiment 4, the 50,000 prediction
samples are used to calculate its 95% credible interval using the
equal-tailed method. The results are plotted in Fig. 7 together with
the confidence intervals. The figure indicates that the credible in-
tervals enclose all the true values, as expected for this simple
problem. The Bayesian credible intervals and the regression confi-
dence intervals are numerically close to each other. The largest
differences occur just before the peak and at the right tail.

The MCMC simulation of this model took approximately 17 days
to complete on a Linux system with 10 processors running in par-
allel. Almost all the CPU time is consumed by repeatedly running
the forward model (each forward model run took about 1 min
which is relatively small for a reactive transport model); a negli-
gible portion of the CPU time is used by the sampling algorithm. If
the same MCMC simulation is conducted with one processor, the
CPU time is about 70 days. This large amount of time can be
significantly reduced by surrogate modeling like the work con-
ducted in Zhang et al. (2013), which applied the MCMC simulation
to the surrogate model. Currently the surrogate modeling approach
is not incorporated in UCODE_2014.

5. Concluding remarks

Regression and Bayesian uncertainty analysis are two different
ways to quantify parametric and predictive uncertainties.While the
regression confidence intervals are computationally frugal and easy
to compute, the computationally expensive Bayesian credible in-
tervals are more accurate for highly nonlinear problems with local
minima. The ability of UCODE_2014 to calculate both kinds of in-
tervals provides great flexibility in evaluating parametric and pre-
dictive uncertainties.

This work integrates the advanced MCMC algorithm, DREAM,
into UCODE_2014 for Bayesian uncertainty analysis. This enables
UCODE_2014 to efficiently handle high-dimensional and multi-
modal problems while taking advantage of UCODE structures to
obtain straightforward and flexible execution. With the template
and instruction files of UCODE, the uncertainty analysis can be
assessed for any process models with ASCII-based inputs and out-
puts without modifying source code. With the parallel computing
capability based on UCODE's robust dispatcher-runner protocol, the
Bayesian uncertainty analysis can be evaluated with relatively high
efficiency. In addition, UCODE_2014 provides versatile ways to
initialize the MCMC process and a proper selection can accelerate
the chain convergence and save computational time. It also pro-
vides a variety of parameter prior distributions which makes its
application more flexible. Most importantly, the program can be
used for not only the parametric but also the predictive uncertainty
analysis with little alteration of the input files.

This work uses a groundwater reactive transport model to
illustrate that UCODE_2014 can be used for Bayesian uncertainty
analysis of a variety of environmental problems. When applied to
large-scale inverse problems, e.g., highly heterogeneous problems,
MCMC methods face two major challenges. First, the complex pro-
cess models may make MCMC simulation computationally
unaffordable to evaluate posterior probability density for any
parameter sample. In addition, the high-dimensional parameter
spacesmake the exploration of the posterior parameter distribution
difficult sometimes even prohibitive. To resolve the first challenge,
currently there are two major strategies: (1) develop advanced
MCMC algorithms to improve computationally efficiency by
reducing the needed number of process model executions, i.e., MT-
DREAMzs (Laloy and Vrugt, 2012); and (2) apply model surrogate
methods to improve computationally efficiency by evaluating the
computationally frugal surrogate model instead of the actual pro-
cessmodel, i.e., Zhanget al. (2013) and Laloyet al. (2013). The second
challenge is more difficult because the high dimension usually
means large model nonlinearity and many local minima. For those
problems, currently none of theMCMCmethods can guarantee that
all local minimawill be found, and surrogatemethods are no longer
absolutely computationally competitive because building the sur-
rogate model can require a large number of process model runs.
Combining the advanced MCMC algorithm with some dimension-
ality reduction techniques may be a good solution.
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