
Math Geosci
DOI 10.1007/s11004-011-9359-0

Dependence of Bayesian Model Selection Criteria
and Fisher Information Matrix on Sample Size

Dan Lu · Ming Ye · Shlomo P. Neuman

Received: 11 June 2010 / Accepted: 26 August 2011
© International Association for Mathematical Geosciences 2011

Abstract Geostatistical analyses require an estimation of the covariance structure of
a random field and its parameters jointly from noisy data. Whereas in some cases (as
in that of a Matérn variogram) a range of structural models can be captured with one
or a few parameters, in many other cases it is necessary to consider a discrete set of
structural model alternatives, such as drifts and variograms. Ranking these alterna-
tives and identifying the best among them has traditionally been done with the aid of
information theoretic or Bayesian model selection criteria. There is an ongoing debate
in the literature about the relative merits of these various criteria. We contribute to this
discussion by using synthetic data to compare the abilities of two common Bayesian
criteria, BIC and KIC, to discriminate between alternative models of drift as a func-
tion of sample size when drift and variogram parameters are unknown. Adopting the
results of Markov Chain Monte Carlo simulations as reference we confirm that KIC
reduces asymptotically to BIC and provides consistently more reliable indications of
model quality than does BIC for samples of all sizes. Practical considerations often
cause analysts to replace the observed Fisher information matrix entering into KIC
with its expected value. Our results show that this causes the performance of KIC to
deteriorate with diminishing sample size. These results are equally valid for one and
multiple realizations of uncertain data entering into our analysis. Bayesian theory in-
dicates that, in the case of statistically independent and identically distributed data,
posterior model probabilities become asymptotically insensitive to prior probabili-
ties as sample size increases. We do not find this to be the case when working with
samples taken from an autocorrelated random field.
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1 Introduction

Geostatistical analyses require estimating the covariance structure of a random field
and its parameters jointly from noisy data. Whereas in some cases (as in that of
a Matérn variogram; Matérn 1986; Marchant and Lark 2007) a range of structural
models can be captured with one or a few parameters, in many other cases one
must consider a discrete set of structural (such as drift and variogram) model al-
ternatives (Hoeksema and Kitanidis 1985; McBratney and Webster 1986; Samper
and Neuman 1989a, 1989b; Ye et al. 2004, 2005; Marchant and Lark 2004, 2007;
Riva and Willmann 2009; Nowak et al. 2010; Nowak 2010; Singh et al. 2010;
Riva et al. 2011). Ranking these alternatives and identifying the best among them
has traditionally been done with the aid of information theoretic model selec-
tion (discrimination, information) criteria such as Akaike Information Criterion
(AIC, Akaike 1974) and Corrected Akaike Information Criterion (AICc, Hurvich
and Tsai 1989) or Bayesian criteria, most commonly Bayesian Information Cri-
terion (BIC, Schwarz 1978; Rissanen 1978) and Kashyap Information Criterion
(KIC, Kashyap 1982). There is an ongoing debate in the literature about the rela-
tive merits and demerits of these and related criteria (Poeter and Anderson 2005;
Tsai and Li 2008a, 2008b, 2010; Ye et al. 2008a, 2010a, 2010b; Riva et al. 2011).
We contribute to this discussion by using synthetic data coupled with Markov Chain
Monte Carlo (MCMC) simulations to compare the abilities of BIC and KIC to dis-
criminate between alternative models of drift as a function of sample size when drift
and variogram parameters are unknown. As our comparison is based on Bayesian
statistics, it does not apply directly to AIC and AICc, since these are derived based on
other principles.

Consider a set of K alternative (drift and/or variogram) models Mk of an autocor-
related random function Y with Nk unknown parameters θk (bold letters designating
vectors), k = 1, . . . ,K . We wish to compare and rank these models after each has
been calibrated by maximum likelihood (ML) against a common sample D of N

measured Y values at various points in space and/or time. One way to do so is to
associate the following criteria with each model

AICk = −2 ln
[
L(θ̂k|D)

] + 2Nk, (1)

AICck = −2 ln
[
L(θ̂k|D)

] + 2Nk + 2Nk(Nk + 1)

N − Nk − 1
, (2)

BICk = −2 ln
[
L(θ̂k|D)

] + Nk lnN, (3)

KICk = −2 ln
[
L(θ̂k|D)

] − 2 lnp(θ̂k) + Nk ln(N/2π) + ln |F̄k| (4)

where θ̂k is the ML estimate of θk;− ln[L(θ̂k|D)] is the negative log-likelihood
(NLL) function − ln[L(θk|D)] evaluated at θ̂k;p(θ̂k) is the prior probability of θk

evaluated at θ̂k ; and F̄k = Fk/N is the normalized (by N ) observed (implicitly con-
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ditioned on D and evaluated at θ̂k) Fisher information matrix (FIM), Fk , having ele-
ments (Kashyap 1982)

F̄k,ij = 1

N
Fk,ij = − 1

N

∂2 ln[L(θ̂k|D)]
∂θki∂θkj

∣∣∣∣
θk=θ̂k

. (5)

This allows rewriting KICk in (4) as

KICk = −2 ln
[
L(θ̂k|D)

] − 2 lnp(θ̂k) − Nk ln(2π) + ln |Fk|, (6)

a form known in Bayesian statistics as the Laplace approximation (Kass and
Vaidyanathan 1992; Kass and Raftery 1995), the origin of which can be traced back to
Jeffreys (1961) and Mosteller and Wallace (1964). The four criteria embody the prin-
ciple of parsimony, penalizing (to various degrees) models having a relatively large
number of parameters if this does not bring about a corresponding improvement in
model fit. A comparative discussion of the four criteria, their underlying principles
and ways to compute them can be found in Ye et al. (2008a).

Rather than selecting the highest ranking model, it may sometimes be advanta-
geous to retain several dominant models and average their results. Here we consider
an maximum likelihood (ML) version of Bayesian model averaging (MLBMA) pro-
posed by Neuman (2003) and employed by Ye et al. (2004, 2005, 2008a). If � is the
quantity one wants to predict, then Bayesian Model Averaging (BMA) consists of
expressing the posterior probability of � as (Hoeting et al. 1999)

p(�|D) =
K∑

k=1

p(�|Mk,D)p(Mk|D) (7)

where p(�|Mk,D) is the posterior probability of � under model Mk having posterior
probability p(Mk|D). Bayes’ theorem implies that the latter is given by

p(Mk|D) = p(D|Mk)p(Mk)
∑K

l=1 p(D|Ml)p(Ml)
(8)

where p(Mk) is the prior probability of model Mk and

p(D|Mk) =
∫

p(D|θk,Mk)p(θk|Mk)dθk (9)

is its integrated likelihood, p(θk|Mk) being the prior probability density of θk under
model Mk and p(D|θk,Mk) the joint likelihood of Mk and θk . The integrated like-
lihood can be evaluated using various Monte Carlo (MC) simulation methods (Kass
and Raftery 1995), most notably the Markov Chain Monte Carlo (MCMC) technique
(Lewis and Raftery 1997; Draper 2007). Though we employ MCMC in this paper, we
note that MC methods are computationally demanding and require specifying a prior
probability distribution for each set of model parameters. When prior information
about parameters is unavailable, vague or diffuse one can resort to MLBMA (Neuman
2003) according to which (Ye et al. 2004)

p(D|Mk) ≈ exp

(
−1

2
KICk

)
. (10)
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Theory shows (Draper 1995; Raftery 1995; Ye et al. 2008a) that as the sample size N

increases relative to Nk,KIC tends asymptotically to BIC and so

p(D|Mk) ≈ exp

(
−1

2
BICk

)
. (11)

Substituting (10) or (11) into (8) yields

p(Mk|D) = exp(− 1
2�ICk)p(Mk)

∑K
l=1 exp(− 1

2�ICl )p(Ml)
(12)

where �ICk = ICk − ICmin and ICmin = mink{ICk}, IC being either KIC or BIC.
Equation (12) does not apply formally to AIC and AICc as these are based on in-

formation theory, not on Bayesian statistics. The information theoretic equivalent of
MLBMA has been to average model outputs using so-called Akaike weights com-
puted via (Burnham and Anderson 2002, 2004; Poeter and Anderson 2005)

wk = exp(− 1
2�AICk)

∑K
l=1 exp(− 1

2�AICl)
or wk = exp(− 1

2�AICck)
∑K

l=1 exp(− 1
2�AICcl )

. (13)

Interpreting (13) within a Bayesian context would be equivalent to assigning an equal
prior probability p(Mk) = 1/K to each model. Another ad hoc option discussed by
Burnham and Anderson (2002, 2004) and adopted by Poeter and Hill (2007) is to use
(12) regardless of whether IC is information theoretic or Bayesian.

There is general consensus in the literature that AICc is more accurate than AIC
when N/Nk < 40, converging rapidly to AIC as N/Nk increases beyond 40 (Burn-
ham and Anderson 2002; Poeter and Anderson 2005). There is less consensus about
the relative merits of BIC and KIC (Tsai and Li 2008a, 2010; Ye et al. 2008a, 2010a,
2010b) even though KIC is known to converge toward BIC as N/Nk goes up (Draper
1995; Raftery 1995; Kass and Raftery 1995; Ye et al. 2008a). Whereas Kass and
Raftery (1995) found BIC to yield unsatisfactory approximations of integrated likeli-
hood even for very large N/Nk , Tsai and Li (2008a) considered KIC to have yielded
“unreasonable” posterior model probabilities. In light of contrary findings by Ye et
al. (2008a) and several references therein, there appears to be a need to clarify the
issue further, as we do below.

In this paper we use samples from a synthetic random field to compare the abil-
ities of BIC and KIC to discriminate between alternative models of drift as a func-
tion of sample size when drift and variogram parameters are unknown. Our study
focuses on model probabilities, not on predictive performance. It contributes theo-
retically and numerically to our understanding of roles played in model selection by
observed and expected versions of the Fisher information matrix (Ye et al. 2010b).
The study extends to one as well as multiple realizations of uncertain data employed
in model calibration. To our knowledge, we are the first to compare the performance
of model discrimination criteria against Markov Chain Monte Carlo simulations of
various size replicate data sampled from a spatially correlated random field in more
than one dimension. For reasons noted earlier, we exclude AIC and AICc from further
consideration in this paper.
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Fig. 1 Contours of true (synthetically generated) (a) data, D, (b) residual, R, (c) trend, μ0, of true (data
generating) model M0 and (d) trend, μ1, of model M1, (e) trend, μ2, of model M2, (f) trend, μ3, of model
M3 fitted to 1,000 true data points

2 Synthetic Example and Model Calibration

We decompose the sample D of random field measurements into a deterministic trend
μ and a spatially correlated random residual R,

D = μ + R. (14)

Estimating trends is important in geostatistics (Pardo-Iguzquiza and Dowd 2001;
Ortiz and Deutsch 2002; Nowak 2010), groundwater modeling (Pardo-Iguzquiza et
al. 2009; Nowak et al. 2010; Riva et al. 2011) and other areas of the geosciences.
However, the choice of trend model is rarely self-evident and often arbitrary (Journel
and Rossi 1989; Kyriakidis and Journel 1999; Leuangthong and Deutsch 2004). As
R in (14) depends on μ and D, uncertainty about the drift translates into uncertainty
about the structure (variogram) of R (Cressie 1993). To address this issue we con-
sider a two-dimensional rectangular domain of length 32 and width 8 measured in
arbitrary units. The domain is discretized into 160 × 40 = 6400 squares of uniform
size 0.2 × 0.2. We then generate a random field over this grid having drift

M0: μ(x, y) = a0 + a1x + a2y + a3y
2, (15)

with coefficients a0 = −5.0, a1 = 0.1, a2 = 0.2 and a3 = 0.05 and designate this
(true, data generating) model by M0. We also consider three alternative drift models

M1: μ(x, y) = a0 + a1x + a2y + a3y
2 + a4xy, (16)
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M2: μ(x, y) = a0 + a2y + a3y
2 + a4xy, (17)

M3: μ(x, y) = a0 + a1x + a2y. (18)

In comparison to M0, model M1 is over-parameterized, model M3 is under-
parameterized and model M2 has elements of both. We then use sequential Gaus-
sian simulation (SGSIM; Deutsch and Journel 1998) to generate stationary, zero-
mean random residuals R about μ having unit variance and an exponential vari-
ogram, γ (h) = s[1 − exp(−h/λ)], with sill (variance) s = 1 and integral scale λ = 1
where h is separation distance or lag. The corresponding covariance function of R is
Q(h) = s exp(−h/λ). To keep the problem manageable we consider neither alterna-
tive variogram models nor measurement noise in this example. The generated (true)
field of D, residual, R, and drift, μ (from model M0) are illustrated in Figs. 1(a)–
1(c), respectively. Figures 1(d)–1(f) depict drifts generated after fitting (via ML, as
described later) the drift models corresponding to models M1,M2 and M3 to 1,000
true data points. Visual inspection suggests that drift model M1 is closest and M2
farthest from the true drift model M0 in Fig. 1(c).

Let θ = {a,β} where a is a vector of drift parameters and β a vector of variogram
parameters. If D is multivariate Gaussian with mean μ(a) = E[D] and covariance
matrix Q(β) = E[(D − μ)(D − μ)T ], the negative logarithm of the joint likelihood
function (NLL) for any given model takes the form (after dropping the subscript k)

NLL = −2 ln
[
L(θ |D)

] = −2 ln
[
L(a,β|D)

] = 2 lnp(D|a,β)

= N ln 2π + ln
∣∣Q(β)

∣∣ + (
D − μ(a)

)T Q−1(β)
(
D − μ(a)

)
. (19)

Minimizing NLL simultaneously with respect to a and β would yield biased esti-
mates of β (Cressie 1993). To avoid this, we follow Ye et al. (2004) by first using
adjoint state ML cross validation (ASMLCV, Samper and Neuman 1989a) in con-
junction with universal kriging to obtain an ML estimate β̂ of β , then obtaining an
ML estimate â of a by minimizing

−2 ln
[
L(a, β̂|D)

] = N ln 2π + ln
∣∣Q(β̂)

∣∣ + (
D − μ(a)

)T Q−1(β̂)
(
D − μ(a)

)
(20)

with the aid of generalized least squares. The NLL component constituting the first
term of each model selection criterion in (1)–(6) is thus given by

−2 ln
[
L(θ̂ |D)

] = −2 ln
[
L(â, β̂|D)

]

= N ln 2π + ln
∣∣Q(β̂)

∣∣ + (D − μ(â))T Q−1(β̂)
(
D − μ(â)

)
. (21)

We start by drawing a sample D of 50 randomly situated data from the 6,400
synthetic random field values in Fig. 1(a), and then increase the sample size to 100.
Subsequently, the sample size is gradually increased in 12 increments of 100–200
additional randomly selected data till the total reaches 1,700. We then use each of
these 14 samples D to calibrate the variogram and all alternative drift models in the
manner just described. Corresponding estimates of sill s and integral scale λ associ-
ated with each model are plotted in Fig. 2. The estimates of both parameters are seen
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Fig. 2 Estimates of variogram
parameters (a) sill and (b)
integral scale for four alternative
drift models and fourteen
sample sizes

to improve (or approach their true values) with sample size regardless of which drift
model one uses, the best estimates being associated with the true model M0 and the
worst with the under-parameterized model M3, as one would expect.

Fluctuations in parameter estimates and their statistics reflect randomness of the
generated field and of samples drawn from it. We explore this effect below for se-
lected sample sizes (50, 100, 300, 500, 800 and 1,000) by extracting 100 replicate
samples of each size and calibrating the models against each replicate in the manner
described earlier. The results of one and replicate samples are equally important. The
one-sample situation mimics what could happen in an actual situation; the replicates
indicate the average properties of different diagnostics. When results obtained from
one sample are ambiguous or conflict with expectation, one may wish to collect more
data and/or supplement them with subjective expert judgment (Ye et al. 2005, 2008b).

Equation (19) is the negative logarithm of a corresponding likelihood function
p(D|θ ,M). The latter is associated with an observed Fisher information matrix (FIM)
given analytically by (Kitanidis and Lane 1985)

Fij = −∂2 lnp(D|θ ,M)

∂θi∂θj

= −1

2
Tr

(
Q−1 ∂Q

∂θi

Q−1 ∂Q
∂θj

)
+ 1

2
Tr

(
Q−1 ∂2Q

∂θi∂θj

)

+ ∂μT

∂θi

Q−1 ∂Q
∂θj

Q−1(D − μ) + (D − μ)T Q−1 ∂Q
∂θi

Q−1 ∂Q
∂θj

Q−1(D − μ)
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− 1

2
(D − μ)T Q−1 ∂2Q

∂θi∂θj

Q−1(D − μ)

+ ∂μT

∂θi

Q−1 ∂μ

∂θj

+ (D − μ)T Q−1 ∂Q
∂θi

Q−1 ∂μ

∂θj

− (D − μ)T Q−1 ∂2μ

∂θi∂θj

. (22)

To avoid computing second-order derivatives of μ and Q one often approximates the
observed FIM by the more popular expected FIM (Kitanidis and Lane 1985)

〈Fij 〉 = 1

2
Tr

(
Q−1 ∂Q

∂θ i

Q−1 ∂Q
∂θ j

)
+ ∂μT

∂θ i

Q−1 ∂μ

∂θ j

. (23)

Equations (22) and (23) yield two different values of KIC which we designate below,
respectively, by KICobs and KICexp.

To set a standard against which the accuracies of BIC and KIC are measured we
evaluate the integrated likelihood in (9) by Markov Chain Monte Carlo (MCMC)
simulations. Treating the prior distribution of each parameter, p(θk|Mk), as if it
was uniform and independent between specified lower and upper bounds, the con-
ventional Metropolis-Hastings algorithm (Hastings 1970) is used to implement the
MCMC process. Our implementation of the algorithm is similar to that of Rojas et
al. (2008, 2010a, 2010b, 2010c); more advanced MCMC techniques are discussed by
Chib (1995) and Marshall et al. (2004, 2005). The ranges of the uniform distributions
are initially set to 50% and 150% of the ML parameter estimates and modified by
trial-and-error during the sampling process to obtain an acceptance rate of 20–40%.
Three chains are launched and their convergence of MCMC is evaluated using the R̂

statistics of Gelman et al. (1995). A total of 50,000 samples are generated from each
chain; the first 1,000 samples are discarded (burn-in) after R̂ is 1.0002 for all the pa-
rameters. Random parameter samples from MCMC allow calculating a joint negative
log-likelihood function according to (19), which in turn is used to approximate the
integrated likelihood function (9) numerically via

p̂(D|Mk) = 1

l

l∑

i=1

p
(
D|θ (i)

k ,Mk

)
(24)

where l is the number of parameter samples, p(D|θ (i)
k ,Mk) being the joint likelihood

function of the ith parameter sample, θ
(i)
k . We then adopt the MCMC results as refer-

ence against which the accuracies of BIC and KIC are judged. Note that we could not
do so for AIC and AICc because these are not associated with integrated likelihood
functions.

3 Results and Discussion

In this section we compare values of BIC and KIC computed for each of the four
alternative drift models and fourteen sample sizes. We also compare values of KIC
computed using observed and expected FIM, integrated likelihood functions com-
puted by BIC, KIC and MCMC, and posterior model probabilities obtained using the
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Fig. 3 Percent relative
difference between (a) BIC and
KICobs, (b) BIC and MCMC,
and (c) KICobs and MCMC for
each drift model and sample size
based on one sample

Bayesian criteria and MCMC. We start by presenting results based on a single sample,
followed by those based on 100 replicates.

3.1 Accuracies of BIC and KIC

Figure 3(a) plots percent relative difference, (BIC − KICobs)/BIC, between BIC
and KICobs (computed using observed FIM) corresponding to four drift models
and fourteen sizes of a single sample. Figures 3(b) and 3(c) do the same for
(BIC − MCMC)/MCMC and (KICobs − MCMC)/MCMC, respectively. Figure 3(a)
shows that BIC and KICobs differ from each other by up to about 9% of BIC when
sample size is small (N = 50), the difference diminishing asymptotically to be-
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Table 1 Posterior model probabilities (%) of the three alternative models obtained using BIC, KICobs and
MCMC for N = 50, 100, 300, 500 based on one sample. The largest model probabilities are in bold

N BIC KICobs MCMC

M1 M2 M3 M1 M2 M3 M1 M2 M3

50 66.84 0.30 32.86 12.71 3.98 83.30 24.24 1.11 74.65

100 96.69 0.26 3.05 41.83 0.27 57.90 34.29 0.02 65.69

300 63.18 0.00 36.82 44.15 0.00 55.85 43.41 0.01 56.58

500 43.29 0.00 56.71 65.70 0.00 34.30 58.41 0.02 41.57

low 1% with sample size (confirming that KICobs reduces asymptotically to BIC).
Figures 3(b) and 3(c) show that, using MCMC results as reference, BIC provides a
less accurate approximation of integrated likelihood than does KICobs. Whereas the
quality of BIC improves with sample size, its relative deviation from the reference
does not fall much below 1% regardless of sample size. The corresponding deviation
of KICobs is consistently less than 1%, becoming much smaller when N is large. The
same is true for KICexp (computed using expected FIM) even though KICexp is less
accurate than KICobs (as shown in Sect. 3.2). Small differences between BIC and
KICobs may result in large differences between corresponding posterior model prob-
abilities by virtue of their exponentiation in (10) and (11). Table 1 demonstrates that
the less accurate BIC values lead to inaccurate posterior model probabilities and result
in the selection of inferior models. In Table 1, BIC is seen to assign the largest pos-
terior probability to an inferior model when N = 50, 100, 300 and 500. In contrast,
model probabilities based on KICobs are similar to those based on MCMC regardless
of sample size.

Figure 4 summarizes via box plots several statistics of BIC, KICobs, MCMC and
model probabilities for 100 replicate samples of size N = 100 including median,
lower and upper quartiles, minimum and maximum. Whereas the statistics of KICobs

and MCMC are quite similar, those of BIC are significantly different, as was the case
for a single sample in Table 1. With reference to MCMC, KICobs evidently approx-
imates the integrated likelihood more accurately than does BIC. This observation
is further discussed in Sect. 3.4 below. The wide spread of model probabilities in
Figs. 4(e) and 4(f) is due to fluctuations in model calibration data. This implies some
ambiguity in model selection. For example, whereas KICobs and MCMC in Fig. 4(f)
prefer model M3 in more than 75% of the replicates (model probabilities correspond-
ing to the lower, 25th percentile, quartiles exceed 60%), in some other cases they
prefer model M1. BIC, on the other hand, prefers model M3 in about 50% of the
replicates (the median indicates that at least 50% of probability values are close to
60%). When ambiguity associated with objective model selection criteria is large,
one may wish to supplement these criteria with subjective expert judgment (Ye et al.
2005, 2008b) or to collect more data and re-evaluate model probabilities based on
these. The potential benefit of collecting additional data is discussed, in the context
of Bayesian model averaging, by Neuman et al. (2011).



Math Geosci

Fig. 4 Box plots of (a)–(d) BIC, KICobs and MCMC values for four models and (e)–(f) posterior proba-
bilities of models M1 and M3 for 100 replicate samples of size N = 100

3.2 Differences between Observed and Expected Fisher Information Matrices (FIM)

Figure 5 plots differences between ln |Fk| values based on observed and expected
FIM for each drift model and size of a single sample according to (22) and (23),
respectively. Although observed and expected FIM can be validly interchanged for
large i.i.d. (independent and identically distributed) samples, Fig. 5 indicates that, in
our case of correlated data, the two may differ substantially when sample size is small
(N < 700). Due to exponentiation, such differences translate into large differences
between posterior model probabilities, as illustrated for M1 in Fig. 6a plotted for
one sample with different sample sizes; since the posterior probability of M2 is close
to zero, results corresponding to M3 are similar. One notes in Fig. 6a that absolute
differences between posterior probabilities based on KICexp and the MCMC reference
are consistently larger than those based on KICobs. Hence observed FIM leads to
more accurate estimation of model probabilities than does expected FIM. It follows
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Fig. 5 Differences between
ln |Fk | values based on expected
and observed Fisher information
matrices (FIM) for each drift
model and size of a single
sample

Fig. 6 Absolute differences
between posterior probabilities
of M1 based on KICobs and
KICexp relative to MCMC for
(a) each size of a single sample
and (b) 100 replicate samples of
size N = 100. As posterior
probability of M2 is almost
zero, absolute differences
corresponding to M3 are similar

that KICobs and KICexp may, in some cases, prefer different models as observed in
the numerical experiments when N = 500 and 1200. The poor performance of KICexp

relative to KICobs stems from the following assumption behind (23) (Kitanidis and
Lane 1985),

E[D − μ] = 0

E
[
(D − μ)(D − μ)T

] = Q
(25)
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Fig. 7 Box plots of differences between ln |Fk | values based on expected and observed Fisher information
matrices (FIM) for 100 replicates of various size samples

that μ is an unbiased estimate of D and that Q represents the covariance of the resid-
uals exactly. In reality, Q is uncertain due to lack of certainty about the functional
form and parameters of μ as well as the parameters of the corresponding variogram.
It suggests that the higher accuracy of observed FIM is general for any samples. This
is confirmed in Fig. 6b that plots the absolute differences for the 100 replicate sam-
ples of size N = 100. For all the 100 replicates, the absolute differences based on
KICexp are consistently larger than those based on KICobs; the deviation is small for
some replicates. This indicates that KICobs is more accurate than KICexp over the
replicate samples.

To investigate the difference between observed and expected FIM under data un-
certainty, ln |Fk| values based on observed and expected FIM are evaluated for 100
replicates of samples including N = 50, 100, 300, 500, 800 and 1,000 data points.
The differences are summarized statistically with the aid of box diagrams in Fig. 7.
Median differences are seen to be nearly zero and interquartile ranges (IQR) to be
smaller than 2 for all sample sizes. Actual differences may be substantial and lie
within relatively large ranges that do not decrease in any consistent manner as sam-
ple size increases.
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3.3 Randomness of Observed and Expected Fisher Information Matrices (FIM)

The large ranges depicted in Fig. 7 between observed and expected FIM stem from
the random natures of calibration data and associated parameter estimates. The ob-
served FIM is evidently random due to its dependence on random calibration data D.
The expected FIM is theoretically nonrandom but its approximation, obtained by cal-
ibrating each model against each random sample and then applying (23), remains
random due to limited sample size and estimation errors associated with correspond-
ing parameter estimates. To our knowledge, the effect of randomness in observed and
expected FIM has not been previously analyzed in the manner we do here.

Effects of data and parameter estimation uncertainty are illustrated in Figs. 8(a)–
8(d) where ln |Fk| associated with expected and observed FIM based on a single
sample are plotted against sample size. Fluctuation in Fig. 8(a) reflects uncertainty
in ln |Fk| as computed on the basis of (23). This uncertainty is removed for the true
model in Fig. 8(b) (the curve becoming smooth) by computing ln |Fk| using true drift
and variogram parameters. Figures 8(c) and 8(d) are similar to Figs. 8(a) and 8(b) but
correspond to observed FIM. Even though ln |Fk| in Fig. 8(d) is computed using true
drift model with true drift and variogram parameters, it nevertheless fluctuates. This
is due to data uncertainty which does not impact Fig. 8(b). Averaging out data uncer-
tainty as described below leads to a smooth result in Fig. 8(d). Comparing Figs. 8(a)
and 8(c) with Figs. 8(b) and 8(d), respectively, shows that effects of data and param-
eter estimation uncertainty on the estimation of FIM is large. In addition, the effect
of data uncertainty is larger than that of parameter estimation uncertainty. When fluc-
tuations in model calibration data cause ambiguity in model selection, one may wish
to rely on expert judgment or collect additional data as discussed in Sect. 3.1. Fig-
ures 8(e) and 8(f) depict ln |Fk| based on expected and observed FIM averaged over
100 replicate samples for various sample sizes. Comparing the two figures with their
counterparts in Figs. 8(a) and 8(c) confirms that averaging reduces randomness in
data and parameter estimates. More importantly, the averaged ln |Fk| in Figs. 8(e)
and 8(f) are almost identical. This does not conflict with the implication of Fig. 7
that KICobs is more accurate than KICexp for one sample. Instead, it suggests that
averaging over many replicates reduces differences between observed and expected
KIC.

3.4 Role of FIM in Model Selection

Figure 8 shows that ln |F1| > ln |F2| > ln |F0| > ln |F3| regardless of sample size.
This consistent order reflects a tendency of ln |Fk|, and hence KIC, to impose in-
creasing penalty on models having greater complexity (number of parameters). Al-
though model M1 contains more information per datum (as measured by ln |Fk|) than
does model M3, its goodness-of-fit measure (see next section) is only slightly better.
Ye et al. (2010b) pointed out that “all else being equal, if increasing the expected
information content of a model fails to improve its performance relative to another
model, then selecting a model with greater expected information content would, ac-
cording to KIC, be unjustified”. This is supported by the fact that KIC favor M3 in
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Fig. 8 Values of ln |Fk | associated with approximation of expected FIM based on (a) variogram pa-
rameters corresponding to each model estimated against each random sample and (b) known parameters
corresponding to true model, as functions of sample size. (c) and (d) show the same for observed FIM;
dashed curve in (d) is average of solid curve over 100 sample replicates. (e) and (f) correspond to (a) and
(c), respectively, but are based on 100 sample replicates

Figs. 4(e) and 4(f). The order ln |F2| > ln |F0| of two models having an equal num-
ber of parameters demonstrates the ability of KIC to differentiate between disparate
model structures regardless of sample size. This ability is not shared by other model
selection criteria, whether BIC or information theoretic. Figure 8 shows that informa-
tion content per datum increases faster with N when the latter is small than when it
is large, indicating a diminishing incremental gain in information with sample size.
This suggests that FIM is able to incorporate data correlation into model selection,
another unique feature of KIC not shared by BIC or information theoretic criteria that
do not include FIM.
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3.5 Consistency and Asymptotic Behavior of BIC and KIC

BIC (and, by implication, KIC) is known to be theoretically consistent in that the
associated probability of selecting the true model when the latter is included in the
set of alternative models converges to one with sample size N . Figure 9 plots fractions
of 100 replicates among which BIC and KICobs select the true model versus sample
size. Whereas in the case of KICobs this fraction reaches 1 at N = 800, in the case of
BIC the fraction remains less than 1 at N = 1,000. Hence in our example KICobs is
seen to identify the true model faster than does BIC, being therefore more consistent.

As noted by Ye et al. (2008a), the components of KIC in (4) exhibit asymp-
totic behaviors of the following orders as N approaches infinity: −2 lnp(θ |Mk)

is O(Nk),−Nk ln 2π is O(Nk), ln |F̄k| is O(lnNk),Nk lnN is O(lnN) and
−2 lnp(D|θ ,Mk) is O(N). Figure 10 verifies that −2 lnp(D|θ ,Mk) is indeed
asymptotically linear in sample size, N , based on either a single sample (Fig. 10(a)) or
100 replicates (Fig. 10(c)). Similarly, Figs. 10(b) and 10(d) demonstrate that, when
N is large, ln |F̄k| (based on observed FIM) is negligibly small in comparison to
−2 lnp(D|θ ,Mk). Hence terms of O(N) dominate and KICobs approaches BIC. Fig-
ure 10d is smoother than Fig. 10b because averaging over 100 replicates smoothes
out fluctuations caused by randomness of data. Even though disregarding terms of
O(Nk) or lesser order results in an error of O(1) that does not vanish regardless of
how large N is, Raftery (1995) and Tsai and Li (2010) argue that this error does not
affect posterior model probability and thus model selection. Ye et al. (2010b) point
out that, theoretically, this is not the case: ignoring terms of O(Nk) or lesser order is
not appropriate because model selection depends on differences between the KIC (or
BIC) values of different models, not on the actual values of these criteria. Their point
is demonstrated numerically below.

Figure 11 plots differences between values of BIC, KICobs,KICexp, and their com-
ponents corresponding to models M1 and M3, respectively, as functions of sample
size for one and 100 replicate samples. Model M2 is not considered as its probability
is close to zero. Figures 11(a1) and 11(a2) show that differences between values of
−2 lnp(D|θ ,Mk) corresponding to model M1 with 5 parameters and model M3 with

Fig. 9 Fractions of 100
replicates among which BIC and
KICobs select the true model
versus sample size
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Fig. 10 Variations of (a) −2 lnp(D|θ ,Mk) and (b) ln |F̄k | observed with sample size for single sample.
(c) and (d) are corresponding averages, respectively, over 100 replicates

3 parameters are negative and become more so as sample size increases. This is so
because model M1 can be fitted to data more closely than model M3. Differences be-
tween values of Nk lnN corresponding to these two models increases monotonically
with sample size, reflecting an increasing penalty for model complexity with sample
size. BIC is seen to prefer model M1 when the −2 lnp(D|θ̂k,Mk) difference exceeds
the Nk lnN difference and model M3 when the opposite is true.

Figures 11(b1) and 11(b2) plot differences between values of KIC and its three
components (BIC, − lnp(θ̂k) − Nk ln(2π) and ln |F̄k| = ln |Fk/N |) corresponding
to models M1 and M3, respectively, versus sample size based on observed FIM;
Figs. 11(c1) and 11(c2) do the same based on expected FIM. BIC and KIC prefer
different models when the differences between their values, corresponding to the
two models, have opposite signs. Differences in values of − lnp(θ̂k) − Nk ln(2π)

are negative (due to two extra parameters in M1) and constant. The role played by
− lnp(θ̂k) − Nk ln(2π) in model selection is discussed by Neath and Cavanaugh
(1997). Since differences associated with − lnp(θ̂k) − Nk ln(2π) are constant while
those associated with ln |Fk/N | decrease with sample size, the signs of differences as-
sociated with KIC are controlled asymptotically by those associated with ln |Fk/N |.
As ln |Fobs,k/N | differs from ln |Fexp,k/N |,KICobs and KICexp may prefer different
models. In the cases of a single sample, KICobs and KICexp are seen to prefer dif-
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Fig. 11 Differences between values of (a1)–(a2) BIC, (b1)–(b2) KICobs, (c1)–(c2) KICexp and their
components corresponding to models M1 and M3, respectively, as functions of sample size for single
sample (left) and 100 replicates (right)

ferent models when N = 500 and 1200 (Figs. 11(b1) and 11(c1)); in the case of 100
replicates, this happens when N = 800 (Figs. 11(b2) and 11(c2)).

3.6 Sensitivity of Posterior to Prior Model Probability

Ye et al. (2005) found the sensitivity of posterior to prior model probability for a
fixed data set to be significant, especially for models with large likelihoods. Here
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Fig. 12 Ranges of KICobs-based posterior probabilities for models (a) M0 and (b) M3 when M0 is
included and for (c) M1 and (d) M3 when M0 is excluded

we explore, based on a single sample, the manner in which this sensitivity varies
with sample size when the true model M0 is included and excluded from the set of
alternatives. Figures 12(a) and 12(b) plot ranges of KICobs-based posterior proba-
bilities for models M0 and M3 corresponding to all twelve sample sizes when M0

is included; Figs. 12(c) and 12(d) do so for models M1 and M3 when M0 is ex-
cluded. Theory indicates that, for i.i.d. data, the sensitivity of posterior to prior
model probability decreases asymptotically as sample size increases (Berk 1966;
Bernardo and Smith 1994). Figure 12 does not display this type of behavior. Ac-
cording to Bernardo and Smith (1994), in the case of i.i.d. data, the sensitivity of
posterior to prior model probabilities vanishes as N → ∞ because the log ratio
ln[p(D|Mk)/p(D|M0)] between the likelihoods of any alternative model and the true
model tends to negative infinity. Figure 13(a) plots this log ratio for all three alterna-
tive drift models in our example when the likelihood function is approximated using
observed FIM and the true model, M0, is included. The log ratios do not vary much
with sample size; one notes a correlation between the graph corresponding to M3 in
Fig. 13(a) and the bar graph in Fig. 12(b). Figure 13(b) plots log ratios between the
likelihood of M1 and M3 and between those of M2 and M3 for the case where M0

is excluded. The graphs correlate with the corresponding bar graphs in Figs. 12(b)
and 12(c), respectively, showing no reduction in sensitivity with increasing sample
size.



Math Geosci

Fig. 13 Logarithms of KICobs-based likelihood ratios (a) between alternative models and true model
when M0 is included, and (b) between models M1 and M3 when M0 is excluded

4 Conclusions

Geostatistical analysis requires estimating the covariance structure of a random field
and its parameters jointly from data. In many cases, one must consider a discrete set
of structural (drift and variogram) model alternatives. Ranking these alternatives and
identifying the best among them has traditionally been done with the aid of infor-
mation theoretic or Bayesian model selection (discrimination, information) criteria.
There is an ongoing debate in the literature about the relative merits of these various
criteria. We have contributed to this discussion by using synthetic data to compare
the abilities of two common Bayesian criteria, BIC and KIC, to discriminate between
alternative models of drift as a function of sample size when drift and variogram
parameters are unknown. The results of this study are equally valid for one and mul-
tiple realizations of uncertain data entering into our analysis. Our analysis is based
on Bayesian statistics and does not include information criteria derived using other
principles.

It has been shown that using MCMC results as a reference, KIC yields more ac-
curate approximations of integrated likelihood and posterior model probability than
does BIC. Although KIC reduces asymptotically to BIC, KIC provides consistently
more reliable indications of model quality for a range of sample sizes; BIC selects
inferior models more often than does KIC. We have demonstrated that the Fisher in-
formation term in KIC allows (a) imposing a more severe penalty on models having
greater complexity (number of parameters) and (b) differentiating more accurately
between models of disparate structures than is possible with other criteria that do not
include a Fisher term. In the case of correlated data, information content per datum
(as measured by ln |Fk|) increases faster with sample size when the latter is small than
when it is large. This implies a diminishing incremental gain in information content
with sample size. Theory indicates that, for i.i.d. data, the sensitivity of posterior to
prior model probability decreases asymptotically as sample size increases. This does
not happen in our example, possibly due to autocorrelation between our synthetically
generated data.

There are two variants of KIC evaluated using the observed and expected FIM.
KICobs based on observed FIM is more reliable than KICexp based on an approxi-
mation of expected FIM, the difference between the two increasing with diminishing
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sample size. Computing these using multiple replicate samples reduces the differ-
ence between KICobs and KICexp. Difference in KICobs and KICexp causes the differ-
ence in their corresponding model probabilities. KICobs-based estimates of integrated
model likelihood and model probability are close to but not identical with correspond-
ing MCMC-based estimates. However, MCMC simulation may require a much larger
computational effort.
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