
Form* useful in astronomy 

HUGH THURSTON 

Notation 

A: the verna,l equinm point on the celestial spbsre 

8: the northerly pole of the ecliptic 
E, N, S, W: the eastern, northern, southern and w&em points on the horizon (wbicb 

is the circle in which the horizontal p h e  through the observer cuts the celestial sphere). 
0: the centre of the celestial sphere 
P: the north celestial pole 

. 2: the observer's zenith 

X*: the point where the meridiaa (a semicircle b m  pole to pole) through a point X 
on the celestial sphere cuts the celestial equator. 

a: right ascension 

p: celestial latitude 

6: declination 
c: the oblisuity of the ecliptic 

C: azhhh ,  measured W d  horn north 
7: hour angle 

6: sidereaJ time 

A: celestial longitude 
r :  altitude 

4: the ob9erver's latitude 

N.B. I use Greek letters for angles: C and r are not standard notation. Throughout I - 
neglect the $ct that the earth is not a pafect sphere. For some purposes we can take the 
centre of the celestial sphere to be the observer instead of the centre of the earth. Only if 
we are dealing with the moon or desling with the sun so predsely that its par- matters 

will this make any difference. 



Definitions (Illustrated in diagram 1) 

S i d e d  noon is the instant when A is at Z* (due south) 

S i d e d  time is the time .since then and is measured by the angle T O A  at 15' p a  

hour. 

The hour angk of X is the angle XPZ (= angle X'OZ*) measured eastward. Then 

Orthogonal coordinates 

,8 and X form a pair of orthogonal coordinates fixed in space; a, do 6 and a. We can 

transform between them as follows. 

6 and a! in terms of and X 

Chocae the value of a that giws ma a the same sign as coa A. If car X = 0, a is 90' or 

270"; a diagram easily shows which. 

R and X in terms of 6 and cy 

tanX = (sinacosc+tan6sinc)aeeo (5) 

Choose the value of X that giws cos X the same sign as ma. If m a  = 0, h is 90" or 

270'; a diagram easily shows which. 

We have also 



r and C form a pair of orthogonal coordinattes fixed with respect to the earth; so do 6 and 

q. We can transform between them as fo11ows. 

r and C in terms of 6 and n. 

sior =ain$sind+ms)eosbeoaq -90' sr 5 90' 

C 

Choose the value of < that giws sin< and sinq opposite signs 

Choose the d u e  of 11 that gives sin7 and sin C opposite signs. 

We have aiso 

Sidereal time 

At sidereal time 19:- 

The deme of the edi~tic on the horizon is given by 

-tanA = msO/(sin6coscC tan#sinc) 

One solution giwe the degree that is rising, the 0 t h  g i m  the degree that is setting. 
(12) 

The deeree of the *tic that is culminating is given by 

tanX = tan6 sec E 



The angle between the northward horizon and the uuward ecii~tic is 

It is 90' + 4 + c at sunrise on the vernal equinax and at sunset on the autumn equinox 

( ~ r h d e d  that equkx  O c c u r 8  at sunrise or sunset respectid). Th, j, the a m  
d u e .  The minimum is 90' + $ - e at Suprise on the autumn eq* and at sunset on the 
vernal eq*. 

The hour ande of a star on the horizon is given by 

cosq = - tanbtan$ 
and its azimuth by 

(15) 

cost =sinSsec9 (16) 

In each case, one solution giwa the value at rising; the other gives the d u e  at setting. 

The lonmtude of the ~o in t  on the eel i~ t ic  with r i~h t  ascension a is g i n  by 

tanA = tanasece 

and its declination by 

N.B. This is the point on the ediptic that cuIminates with any star whcae right ascension 

is a; its longitude is the pohr bngihde of such a star 

The altitude of the sun when the earth has rotated throu~h an ande $ since noon is 

by 

The leneh d of davli~ht in hours when the sun haa declination 6 is given by 

cos(l5d/2) = - tan 4 tan 6 (20) 

4 



The rates of change d and 6 of 6 aad a caused bv ~recesaion at rate i are given by 

The chm~es  in q and S caused bv refraction or ~ a r d a x  are found as follows. If T 

changes to T* , causiug q and 6 to change to q* and S* , then 

cot q* = cot + cos 4 cos T C . Y ~  sec 6(tan T* - tan T) (23) 

sin6* = sinScosra S ~ C T  + sin$coar*(tanra - t a r )  (24) 

Locatiou of a ~oir l t  with res~ect  to a circle 

If we know the angles subtended by arcs PQ and Q1i of a circle at the centre 0 and 

at a poiut E ,  we call locate E. 

Ilct the radius of the circle be r .  Lct the angles subterded at E by P Q ,  QR and 

R P  be u, p a d  y, all measured in the same direction, so that u + ,O + y = 360". Let 

X = YOQ - a,  p = QOR - ,Ll and v = ROY - y. Then 

O E ~  s i n 2 ~ + s i n 2 p + s i n 2 u + 2 c o s a s i r ~ p s i ~ ~ v + 2 c o s ~ s i n v s i n ~ + 2 c o s y s i m X s i ~ ~ p  -- - 
r2 sin2 rr + sin2 ,B + sin2 u + 2 cos X sin ,B sin y + 2 cos p sin y sin a + 2 cos v sin ru sin P ( 2 5 )  

and 

sin cu sin p - sin p sin X tan QEO = 
cosasinp + cospsinX + sinv'  

Note: two points satisfy these equations, equally far from 0 in opposite directions. 

We need to calculate the angles subtended at each to pick the right one. 



T h e  azimuth of a star on the horizon i s  given b y  

cos$ = s i n &  s i n 9  

O n e  solution gives the azimuth at rising, the other at setting. 



Orientation 

If ( is the angle between the line £corn the observer to the pole and a vertical plane 

through the observer with azimuth (, then 

Comments 

If a building is being oriented north-to-south by using a vertical alignment thought to 
pass through the pole, (21) gives the error in orientation caused by an error in the position 

of the pole. 

HipparbJs  begesjs on &atus gave, for many stars, the degree of the ecliptic that ' 

rises, sets or culminates when the star rises, sets or culminates. This cannot be observed 

directly but can be calculated from a and 6, coordinates used by Hipparchus. 

The hour angle of the star when it rises or sets is given by (15k the hour angle i. zero 
when it culminates. Then (1) gives the sidereal time. The degree of the ecliptic that rises . 

or sets then is giwn by (12) and the dejpee that culminate by (13). 

A fact in constructing an astmlabe is that the projection of a circle on the 
celestial sphere from a pole onto the plane of the equator is always a circle. 1 give a proof 

of thiz in the a p p d x  after prooh of the formulas. 

Formula 

1 3  and 15 

2 1  a n d  2 2  

2 3  and 2 4  

Proof on page 
3 
4 
5 

13 and 1 4  



a : angle AOX* measured eastward (counter~clockwise in this diagram) 

6 : angle X*OX 

11 : angle TOX* 

6 : angle Z*OA 

4 : angle ZOZ* 

rtelative to the earth the sky rotates westward, carrying with it the points X,  A and X*. 

The points P, Z and Z* remain fixed. The angle Z'OA increases at 360' per day. 



Appendix 

Let A ,  8, aid C he the ai~g.les of a spherical triangle, and let a, b,  and c 

,be its sides. The following formulas, with proofs, are in any book of 

spherical trigonometry. The sine etc. of an arc is the sine etc. of the 

angle subtended at the centre of the sphere. 

s ina - sinb sinc -a- 
s inA sinB sinC 

cosa = COS~.COSC + sinb.sinc.cosd 

tanB = sinC . 
sina.cotb - cosa.cosC 

tanb = s ina  
cosa.cosC + cotB.sinC 

If arcs of great circles are as in the diagram below, then 

sinp' sinv' 
sinp sinp ' sin(v + v ' )  

s i sin sin(a + a') 
sin(peu+ )I!) sin(p ! p ' )  " sina' 



Orthogonal coordinates 

Given a great circle C on the sphere, a point A on the circle from which'to 

measure, a direction in which to measure, and a point B on the sphere, centre 

0, such that OB is perpendicular to the plane of C, 

orthogonal coordinates of a point X on the sphere 

are found as follows. Let the great circle from B 

via X first cut C in X*. The coordinate around 

is the angle AOX*. The coordinate across is the 

angle XOX*. It is positive if X is on the same 

side of the plane of C as B. Clearly 

-90" 5 XOX* S 90". 

Transformation 

Suppose that we have two systems of orthogonal coordinates on the sphere, 

whose basic circles intersect in A. Let the 

coordinates around and across be a, $ for the 

first system and y, d for the-second. Let D 

play the part of B for the second system. Let 

c be the angle between the two great circles. 

let a and y both be measured from A tovards 

the points Q and R where the great circle from 

B via D first cuts the basic circles. 

Introduce cartesian coordinates x, y, z with axes OQ, OA, OB for the first 

system, and coordinates u, v, w with axes OR, OA, OD for the second, and 

apply the transformation for a rotation of c about the y-axis. Take the 

radius of the sphere to be 1. 

z = sine w = sin6 w = x.sins + z.cose 
Then 

cosb.siny = cos$.sina-cosc - sinb.sine 
cosb .cosy = cosa. cos$ , I sind = cos$.sina.sine + sin@-cos~ 

( V I I I )  
tan7 = sina.cosc - tan@.sing 

* cosa 



(If cosa = 0, X is on the great circle through B and D, and y and 6 are most 

easily found from a diagram.) 

$ and 5 are both between -90' and 90' (unless either is + 90') and so have 

positive cosines. Then cosa and cosy have the same sign. Of the two values 

for y choose the. one that gives cosy the Same sign as cosa* 

If either a or y is measured in the opposite direction, change its sign. If 

either is not measured from A, subtract the appropriate constant. 

Now apply these formulas to astronomy, using the notation listed earlier 

To transform fro~n ecliptical coordinates to equatorial, we use (VIII) with 
X for a and a for y .  

- . . . .  - 
sin6 =.sin8 .cosd + cosfl.sin~.sinA -90. 5 6.5 90' 

. .  . 

cosb.cosa = 'cos$.cos~ 

cosb.sina = cos$.cos~.sinh - sin@.sino 
tana = cos~.sinX - tanf3.sin~ 

COSA if cod P 0 
choose the value of a that gives cosa the same sign as coah. 

To transform from equatorial coordinates to ecliptical interchangal,B with 

a,6 and change .the sign of E .  

' I  sin6 = sinb.cose - cosG.sin~.sina -90' 5 B 5 90' 

cosP.cosh = cosb.cosa 

tanh = cose~sina + tanb.sine 
cosa if cosa # 0 

choose the value of A that gives CosA the same sign as cosa. 



. S i d e r e a l  t ime  

Sidereal noor1 is  t h e  i n s t a n t  when A is d u e  s o u t h ,  i . e .  

a t  t h e  point Z* where t h e  m e r i d i a n  t h r o u g h  Z c u t s  t h e  

e q u a t o r .  

Sidereal time 0 i s  t h e  t i m e  s i n c e  t h e n  and i s  measured  

by t h e  a n g l e  Z*OA a t  1.5' p e r  hour .  

The hour  angle r l  of X is t h e  a n g l e  XPZ measured wes twards .  

If t h e  m e r i d i a n  th rough  X c u t s  t h e  e q u a t o r  i n  X*, Q = X*OZ*. 

Because  u  is  the a n g l e  X*OA and is  measured  e a s t w a r d s ,  

8 = q + a .  

q and 6 are  a  p a i r  of  e q u a t o r i a l  c o o r d i n a t e s .  We can  t r a n s f o r m  between them 

and t h e  h o r i z o n t a l  sys t em by u s i n g  t h e  t r i a n g l e  PZX. 

Angle PZX 3 . i .  PZ = 90° - $, PX = 90° - 6 ,  ZX = 90' - T ,  ZPX =q it X h a s  n o t  

pas sed  t h e  m e r i d i a n  t h r o u g h  Z; i f  i t  h a s ,  PZX = 360" - 1 and ZPX = . 
I n  e i t h e r  case, b y  (I),  (ZrI) and (V), 

7 

s i n  T =  s i n $ . s i ~ i b  + cos$ .  cos6  .cosq  -90" 5 T 5 90" 

s i n  6= s i n $ . s i n ~  + c o s $ . c o s ~ . c o s ~  -90" 5 6  S 90" 

- COST. s i -n  53 C O S ~ .  sinq 

ta11J = 
- sin7 

c o s  f. t a n s  - s i n g . c o s y  

Choose t h e  v a l u e s  of / and t h a t  g i v e  s i n $  and s i n )  o p p o s i t e  s i g n s .  'I 



Time and the ecliptic 

To find the degree of the ecliptic on the horizon at time 8, use 

the triangle ABC formed by the horizon, the equator and the ecliptic. 

B is either the east point E or the west point W of the horizon. Z*A is 9, 

Z*W = 90°, Z*E = 270'. Four configurations are possible. In iach, AB i13 the 
. - - - - .  . . .  equator, BC the horizon, and CA the ecliptic. 

In all four cases ( V ) gives tanA = -cost3 
tan$.sin~ + sin0.cos~' 



A point  on the  ( rota t ing)  c e l e s t i a l  sphere culminates when it is on the  

meridian through Z. It is then due south unless it is within 90' - $ of the  

north pole. 

The degree of the  e c l i p t i c  t h a t  culminates a t  time 8 

is found from the t r i ang le  ABC formed by t he  equator AB, 

t he  e c l i p t i c  AC and the  meridian BC through 2. e 
A = E, c = 8,\B = 90' and b is the  degree A sought. 

tan8 From (V) tanA = - 
COSC 

The degree of the  e c l i p t i c  t h a t  culminates when a star culminates is sometimes 

ca l led  its polar longitude. 

I f  C is the  point on t he  e c l i p t i c ,  then its decl&iatian; f o r  which there  

is no technical  term, is useful  i n  following Ptolemy's .treatment of 

precession. I n  the  t r i ang le  ABC above, the  declination of C is..a &d 

( V )  y ie lds  

t a m  = sina.tanc. 

To f ind  t he  hour ~ g l e  of a star X with declination 6 when it is on the  

horizon, set t - 0 in (XI: 
cosq = -tan&.tan4 

One solut ion f o r  q gives the  value a t  r is ing,  t he  other a t  se t t ing .  

We can a l so  f ind the  azimuth of t h e  s t a r  

from the  t r i ang l e  ZPX. x = 90' - I$, z = 90' - 6, : 
p = 90'. I f  the  star is r i s i ng  it is on the  

eas tern  horizon, Z = C ,:: 
I f  it is s e t t i n g  i n  t he  west, 2 = - L- 

In e i t h e r  case, the  formula cosz = cosp.cosx + sinp.sinx.cosZ 

yie lds  

sin6 = cos4.cosZ. 

One solution for C gives the  azimuth at rising,  t he  

other  a t  se t t ing.  



- 
The anale between the horizon and the ecliptic. 

At sunrise or sunset at the equinox the sun is at the\east or west .point of 

the horizon. The angle is as shown in the diagrams, in which the dashed 

line represents the equator. 

sunrise, spring sunrise, autumn sunset, spring sunset, autumn 

90" + 0 + c 90" + 0 - IZ 90" + 0 - c 90" + 0 + c 

At other times the equator, the ecliptic 

and the horizon form a spherical 

triangle. If Z* is the point where the 
meridian through 2 cuts the equator, 

AZ* m e .  EZ* - 270". Then AE - 270" - 8 

or 8 - 270". 
Let < be the angle required. Tlien by (111) 

cosC - coss.sin9 - sin1~.cost$.sin0 
Other possible configurations yield the same result. 



To find the altitude r of the sun at a given date and time. 

Let S be the position of the sun. Let 

OS and OZ cut the plane through P perpendicular to OP in 

X and Y. Let OP = 1. 

Let 6 be the declination of the sun 

at the given date. Let $ be the rotation 

of the sky since noon. 

Angle YPO = 90" and YOP = ZOP = 90" - 4 
Therefore YP = cot$ and YO coseccp 

D O  = 90" and XOP = 90" - 6 
Therefore XP = cot6 and XO = cosecb. 

Angle XOY = SOZ = 90" -T. 

Angle YPX = $ (because Y is south of P). 

From the triangles XOY and XPY, 

XY2 = cosec26 + cosecZ$ - 2cosecb .cosec$. sinr 
= cot26 + cot2$ - ~ c o ~ ~ . c o ~ $ . c o s ~ .  

Subtract : 

0 = 1 + 1 - 2cosecb.cosec$.sinr + 2cot6.cot$.cos$. 
Multiply by isin$.sinG and rearrange: 

 sin^ = sin$.sin6 + cos$.cos6.cos$. 

0 



The length of daylinht 

F i r s t ,  suppose t h a t  the  decl inat ion 6 of 

t h e  sun is posi t ive .  L e t  H b e  the - sun  

r i s i n g  a t  azimuth 5 and S t h e  south 

c e l e s t i a l  pole. Lat SH cut  the  equator 

in G. The meridian through t h e  zeni th  

cu t s  t h e  equator in Z* and the  horizon in 

its south point  B. The equator c u t s  t h e  

horizon i n  its e a s t  p o i i t  E. - . 
3 

Let t h e  number of degraes traversed by t h e  sun during daylight be K. (This 

is 15 times t h e  length of dayl ight  in hours. ) 

Label t h e  segments a s  shown. 

Then p '  = a =  w = 9 0 e ,  p - 4 ,  p ' = 9 0 °  - 9, v '  = 6 ,  a '  - 9 0 "  - c, p . . + p l '  =iK. 
Then, by (VI) inverted, 

-0. = -cosA~c.; cot6 : . 

And (re-labell ing t h e  segments) 

sin6 = cosC.coo~# 

From (VII) 

s in* = -cotAu.  tan^ 

and 

cosd = s i n ~ / s i n f ~  

We now have four  re la t ions  between t h e  l a  t i t u d e ,  t h e  length o f dayl ight ,  
t h e  decl inat ion of t h e  sun, and t h e  azimuth a t  which it rises. 

A t  t h e  suunmr sos t i ce  6 = E, so  t h e  r e l a t i o n  between the  longest  day and 

t h e  l a t i t u d e  is 

tan* = - c o s ~ u . ~ o t &  



Now suppose that 6 is negative. By E, 
etc. are as before. Label the segments as Z? 

shown . 
p + p ' = a + a ' = v + v ' - 9 0 ° .  p1 0 4  

p = 90" - 4. a '  a 5 - 90°, a = 180"; 5, 
V = AK. 
From (VI) % ,  

tan4 = -cot6 .cosf K 
and 

cotfu = -cott.sint$ 

From (VII) 
\ < 

cos4 = -sinGI(-cos~) 
and 

sinf K = sinC/cos6 
These are the same four relations as before. 

At the winter solstice6 = -Ey SO the relation between the length of the 

shortest day and the latitude is 

tang - cosf w.cots 



Azimuths a t  r i s i n g  and s e t t i n g  

L e t  X be  a s tar  wi th  d e c l i n a t i o n  b r i s i n g  and E t h e  east p o i n t  of t h e  

hor izon .  L e t  t h e  mer id ian  through X c u t  t h e  e q u a t o r  i n  Q. Then i n  t h e  

t r i a n g l e  XEQ, e = 5, E = 90' -q , Q = 90'. By t h e  s i n e  formula 

s i n  q = s i n s s e c a .  But { = 90' - q ,  s o  

c o s  j! = s i n  sec + . 
L e t  Y be  t h e  star s e t t i n g  and W t h e  west p o i n t  of t h e  hor izon .  I f  t h e  

mer id ian  through Y c u t s  t h e  e q u a t o r  i n  P, w = 6 , W = 90° - P, P = 90'. 

Then s i n  p = s i n  6 secq . But f = 270' + p ,  s o  c o s  { = s i n  p ,  and a g a i n  

c o s  f = s i n  sec?. 
Of t h e  two a n g l e s  whose c o s i n e  is s i n b s e c q ,  one g i v e s  t h e  azimuth a t  

r i s i n g ,  t h e  o t h e r  a t  s e t t i n g .  

The e f f e c t  of p recess ion  on d e c l i n a t i o n  and r i g h t  a scens ion  

A d o t  d e n o t e s  r a t e  of change. a 

s i n  6 = s i n  1 c o s  E + c o s t  s i n A  s i n  r , s o  6 c o s  S 2 X C O S ~  cos A s i n  E = X cos ~ C O S  S s i n  E 
0 

Then = A c o s  d s i n  & . . 
cos ~ C O S  d = cos PCOSX , SO 6 s i n 6  c o s  4 + i c o s  h s i n &  = c o s p  s i n A  . 
Then 2 c o s  X s i n  a = A ( c o s  1 s i n A  - s i n  c o s 2 a  s i n e  ) . 

= A ( c o s  s s i n ,  c o s e  + s i n  S s i n  c - s i n  6cos20:  s i n  c ) . 
= A ( c o s s s i n o < c o s e  + s i n  & s i n a d s i n € ) ,  s o  

= k ( c o s e  + t a n g s i n a ( s i n & ) .  



To find the effect on equatorial coordinates of altering the altitude of a body 

without altering its azimuth. 

This is useful because terrestrial parallax alters the observed altitude of 

a body without altering its azimuth. SO does refraction. ' 

A z 
Let X have coordinates q,G and T. 

Let X* have altitude r* and the same azimuth as X. 

~endte its equatorial coordinates b i  q* a d  6*. 

PZ = 90' - 4, ZX = 90" - r, ZPX = q, PX = 90° - 6. 
By (IV) 

s in2 
* cos4. t a m  - sin4 .COSZ 

Theref ore 

sin4.cosZ - cos4.tant - sinZgcotq. 
Similarly 

Theref ore 

cosb(tanr - tar*) = sinZ(cotq - cotq*) 
sinq.cos6 

L'. 
COST ( C O ~ Q  - cotq*) 

This gives q*, 

= sin9 .sinr* + cos.r*(sind - sin4 .sinz)/cosr . 
This gives 6%. 

The change in a is the negative of the change in q, 



L o c a t i o n  o f  a p o i n t  w i t h  r e s p e c t  t o  a c i r c l e  

I f  we know t h e  a n g l e s  s u b t e n d e d  b y  p o i n t s  P ,  Q ,  a n d  R o n  

a c i r c l e  a t  t h e  c e n t r e  a n d  a t  a p o i n t  E  w e  c a n  l o c a t e  E .  

L e t  t h e  r a d i u s  o f  t h e  c i r c l e  b e  r a n d  i t s  c e n t r e  0 .  L e t  

t h e  a n g l e s  s u b t e n d e d  a t  E b y  PQ, QR, a n d  RP b e  3 . p  a n d  i, a l l  

m e a s u r e d  i n  t h e  s a m e  d i r e c t i o n ,  s o  t h a t  x t p + 8. = 360' .  

L e t  /\ = POQ - a ,  ,LL = Q O R  - 6, a n d  y = ROP - 2 ( .  T h e s e  a n g l e s  

a r e  k n o w n .  L e t  a n g l e s  OEQ = 0 a n d  EQO = $. Let OE c u t  t h e  c i r c l e  

i n  A a n d  B .  D r o p a p e r p e n d i c u l a r  OX f r o m  0 t o  EQ. 

Q O A  = OEQ + EQO = @ + 4 
POA = QOA - ?OQ = (6 + 9) - (s +/\)  
PEA = Q E A  - QEP = 0- 
EPO = POA - PEA = 3 - h. 
F r o m  t h e  t r i a n g l e  OPE. 

O E s i n ( e  - d )  = O ~ s i n ( $  - I \ )  

 si sin 9 c o s v  - c o s  & s i n $ )  = r ( s i n  c o s h  - c o s t  s i n h )  f 
O X c o s x  - X E s i n x  = O X c o s h  - QXsin) \  

O X ( c o s  a - c o w \ )  ' X E s i n u  - QXsin, ,  

A 

R O A  = Q O A  + R O Q  = 6 + t /J + p 
R E A  = R E Q  + QEO = e + p . 
ERO = R O A  - REA = $ + c. 
F r o m  t h e  t r i a n g l e  REO, 

O E s i n ( 8 -  + f ) = r s i n ( $  +kc) 

~ ~ ( s i n ~ o s p  + c o s  h i n p )  = r ( s i n $ c o s b +  c o s f s i ~  

oxcos  + X E s i n $  = O X c o s p +  Q X s i n p  

O X ( c o s  (3 - c o s p )  = -XEs in ,b  + Q X s i y 4 .  



M u l t i p l t  ( 1 )  by s i n p  a n d  ( 2 )  b y  s i n h  a n d  a d d .  T h e n  

aOX = bXE 

w h e r e  a = c o s y s i n p  + c o s f s i n x  + s i n 9  

( b e c a u s e  - s i n \ c o s h  - s i n ) r c o s p =  - s i n ( X  + p )  = s i n y . )  1 
b  = s i n a s i n <  - s i n p s i & .  t 

M u l t i p l y  ( 1 )  b y  s i n ?  a n d  ( 2 )  by s i n g  a n d  a d d .  T h e n  

COX = bQX 

w h e r e  c = - s i n 8  - s i r b c o s r  - s i n p c o s / \  
I 

( b e c a u s e  s i n f c o ~  + s i n d c o s p  = s i n ( +  + p ) = - s i n x .  

S e t  p = a '  + b '  = c o s a o (  s i n k  + c o s a a s i n ? \  + s i n ' y  

+ 2 c o s * c o s  s i n h s i n p  + 2 c o s d s i n / * s i n Y +  2 c o s p s i n r s i n . \  B 
+ s i n k  s i n p  + s i n 3 g s i n . > \  - 2  s i n w i n f s i m b i n p  - s i n a A  + s i n 2  + s i n a >  + 2 c d s o c s i y s i n p  + 2 c o s ~ i n v s i n , \ +  2 c o s ~ s i n ~ s i n p  

( b e c a u s e  c o s ~ o s p  - s i n d s i n p  = c o s ( &  + B )  = c o s a )  

S e t  q  - b a  + c '  = s i n ' & s i n b +  i i i i a ~ S i n > \  - 2 s i n q s i n f s i w \ s i n , k  

+ s i n a x  + s i n 2  c o s p  + iiiiapWr\ 

+ 2 s i n ~ s i n o ( c o s p +  2 s i n  s i n  c o d +  2 s i n d s i n  cos;\cosfi P fJ B - 
= s i n %  + s i n a ? +  s i n k +  2eai ix51a g i n  + 2 c o s p s t n p i n r l  + 2 c o s ~ 3 i ~ s i n  --p 2 
( b e c a u s e  c o s ~ c o s , ~ ~  - s i n X s i n b  = C O S ( ~  +&) = COSY) .  

B 
OE' O X '  + X E '  = O X a ( l  + a a / b ' )  = p O X a / b '  

r = O X '  + QX' - O X ' ( 1  + c a / b ' )  + a O X ' / b a .  

T h e r e f o r e  O E ' / r 2  p / q .  T h i s  d e t e r m i n e s  t h e  d i s t a n c e  o f  E  f r o m  

0: E  l i e s  o n  a c i r c l e  o f  t h i s  r a d i u s  w i t h  c e n t r e  0 .  

t anQEO = OX/OE = b / a .  T h i s  f i x e s  t h e  d i r e c t i o n  o f  t h e  l i n e  AB. 

E m u s t  b e  o n  o f  t h e  t w o p o i n t s w h e r e  t h i s  l i n e  c u t s  t h e  c i r c l e  j u s t  

m e n t i o n e d .  

I n  a n y  p a r t i c u l a r  case we c a n  c a l c u l a t e  t h e  a n g l e  s u b t e n d e d  

b y  PQ a t  e a c h  o f  t h e s e  p o i n t s  t o  d e c i d e  w h i c h  i s  t h e  o n e  w a n t e d .  



Orier~ ta t io~l  

U is Llw vbserver. OMQ is a vertical plane 
w i L l l  aziolut113. P is  the north celest ial  pole 

o r  any point on the line from 0 to the pole. 

PQ is the perpendicular from P to the 

vertical plane. PQMN is a rectangle. 
- 

Then angle MON =r. Let angle WQ (the angle 

between OP and , the vertical plane) be 3.. ' . 

A~lgle PON = #. 




