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2 A. DEVOTO and D. W. DUKE

1. — Introduction.

In the course of time we have been collecting integrals that, for one reason
on another, seem to occur quite often in our calculations in perturbative QCD
and QED. Each time we attempt to obtain the analytical result for some
physical process, Wwe end up with multidimensional Feynman parameter
integrals and the ensuing definite integrals are similar, if not identical, to ones
evaluated in earlier calculations. It is, therefore, economical and time saving
to compile a list of those integrals which occur most frequently in these
calculations.

This paper represents a collection of such integrals, definite and indefinite,
together with 2 collection of formulae which may be of help in the analytical
evaluation of Feynamn-parameter integrals. The majority of the integrals
contain logarithmic functions and, therefore, often give rise to dilogarithms
and to the lowest-order generalized polylogarithms. These highly transcendental
functions are not often discussed in the standard reference books for physicists
(e.g. ERDELYI [1], Magxus [2]), and integrals involving these functions are
not contained in the most commonly used tables of integrals (e.g. GRADSH-
rEyN and RYzHIK [3], GROBNER and HoFREITER [4]). The primary SOurce
of information on polylogarithms 1is TEwIN [5], while the modern reference
to the generalized polylogarithms is KOLBIG [6]. Unfortunately, it is our
impression that these references, particularly the latter, are not as widely
appreciated as they deserve to be. A useful summary of ref. [6] may be found
in the appendix of ref. [7]. Reference [7] and also Levine [8] contain rather
oxtensive tables of definite integrals leading to transcendental constants.

In recent years many physicists, including the authors, have been fortunate
enough to be able to use very powerful symbolic manipulation computer
programs for our caleculations. These Programs have made possible many
calculations whose length would pose an otherwise insurmontable obstacle.
In the present context of analytical evaluation of integrals, MACSYMA [9]
is certainly the most powerful and widely available program. MACSYMA is
a very useful tool, and can perform a large number of integrals, and yet
MACSYMA, at least for the moment, cannot supersede all the familiar tables
of integrals. Tables of integrals are still a good companion of the calculating
physicist first because not all analytically calculable integrals can be evaluated
by MACSYMA and, in the second place, because unfortunately MACSYMA
and analogous computer codes are not commonly available to the majority
of the scientific community.

The tables are organized in the following manner: in sect. 2 we define and
present some of the properties of the generalized polylogarithms together
with transformation formulae for Li,, Li, and Sy .. Section 2 also contains
the numerical values of polylogarithms for a few selected values of the argument.
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These are useful because they frequently occur in specific calculations and
because they can be helpful in numerical checks.

Section 3 is entirely dedicated to definite integrals: we start with simple
Jogarithmic expressions leading to simple answers and end up with the most
complicated integrals encountered. Kor a detailed list of the content of sect. 3
the reader is referred to the index which may be helpful in locating the for-
mulae of interest.

In sect. 4 we present a number of moment integrals.

Section 5 contains a few selected indefinite integrals of logarithmic func-
tions.

Of course, it is inevitable that some particular integral needed will not
be found in the tables. Appendix A, therefore, contains the detailed calculation
of a few selected integrals: some of the more useful « tricks » for calculating
the integrals are presented here. Although none of the tricks are original,
still they may not be familiar to all physicists.

In appendix B we present power series expansions for the more common
polylogarithms. These power series expansions can be used in writing com-
puter codes for the numerical evaluation of Li,, Li, and S;..

Finally, appendix O deals with some identities of partial sums occurring
in the evaluation of moment integrals. The identities presented in this appen-
dix are only the most commonly encountered, and a more complete table
can be found in [10].

These tables have been checked several times and, therefore, should, hope-
fully, be error free. We would be glad if any misprints or outright errors
noticed by the reader were communicated to the authors.

2. — Generalized polylogarithms.

9'1. Notation and definitions. — In the following tables we use the notation
of Kolbig et al. [6]:

1
(—1)nt>-1 [ Inn—(2) In?(1 — 2y)
Sﬂ,?(ly):(%__l)zp!'[ T dm'

]

(2.1.1)

In particular

1 v
(2.1.2) 8,.(y) = Liy(y) = _J' In(1 m—my) e _J‘ ln(lm— x) i,
0 0

v

(2.1.3) 8,.(9) = Lis(®) :J" In(z) In(1 — 2y) 4 :J' Li;(x) ds,

T
0
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3 eyl

(2.1.4) Snaa(y) = Lily) = > =,
=1

X v

1 [In*(1—a 1 [(In*l—a g a=l ]

(2.1.5) Sliz(y):5f(Tﬂdx=5f (9; )dx_ z j E =
= 8=2 =1

Z
0 ]

The above two power series are not suitable for direct numerical evalua-
tion. A more appropriate method for numerical evaluation is presented in
appendix B.

S45(y), defined only for positive integers » and p, is real for real y < 1.

From the definition of §,, we can find its derivative and integral:

1

d
'_"Sn,r(y) = § Sn—-l,v(y) ’

2.1.
(2.1.6) i

e [ = 0,0,

0

In particular, for the functions we consider in these tables, we have

Gl In(1 —y)
2.1. — Liy(y) = ——=
(2.1.60) T Tia(y) »
d _. Li,(y)
2.1. — =
(2.1.60) - Thfy) ===,
d In*(1 —y)
2l — 0,..(y) =
ke =

It has been shown (see, for example, KOLBIG [6]) that S,,,’s of argument ¥,
1—y and 1/y can be expressed in terms of each other.

n—=1 I e — —
u[ S ) 8, ) +

(21.7) Sul—g)= >

=0 8 !

=0

¥ Sn_s,p(l)] + o e —g) ()

' (_l):(_l)ﬂ S 1 S (:!l)fln'(y) (%+;::—1)'

(2.1.8) S
y =0 =0

Baorpo—y) + (— l)p[ﬂil =) InA) O pptle—7— = i Inﬂ+9{?f)-|=
S = * T {n ) j
where
(2.1.9)  Cnp= (—1)= E (ﬂl)v—rsw,p_,(—l)(ﬂjlﬁ: _1)+

(AP — (—1)") 85 p(—1)



|

TABLE OF INTEGRALS AND FORMULAE FOR FEYNMAN DIAGRAM CALCULATIONS 35

Repeated applications of these formulae yield connections between Sas
with arguments from the set

W 1=y, 1y, 1)1 —y), yj1 —y), 1 — Y)[y} .

Spacific examples for Liy(y), Liy(y) and S,,(y) ave given in the next section.
If we use the customary definition of the logarithm in the complex
plane, i.e.

(2.1.10)  In(y 4 de) = Inly| + inT(—y),

where T(y) =0 if y< 0 and T(y) =1 for ¥ > 0, we can find the imaginary
part of the 8, ,’s. For cxample

(2.1.11)  Im{Liy(y + 4e)} = aT(y —1) In(y) ,

(2.1.12)  TIm {Liy(y + ie)} = al(y —1) 151(_3:_) .

-

(2.1.13) Im{S,.(y + ie)} = nT(y—1) [zeta (2) — Li, G)—-%lnz(y)] :

The imaginary part of S, (for # and p arbitrary) can be found in the Paper
by KorprG et al. [6].

22, Relations between polylogarithms of different arguments.

(221)  Tig(l —y) = — Liy(y) — In(y) In(1 — g) + zeta (2),
(2.2.2)  Li, G) = — Liy(y) — 3 In¥(— y) — zeta (2),

223y - Iif, (Ti_gf) = Liy(y) + 1n(1 — ) In(— ) — % In*(1 —y) + zeta (2)
(2.24) i, (_ 1_;_3_;) = Liy(y) + In(y) In(1 — y) — % In*(y) — zeta (2)
(2.2.5)  ILi, (— i{TJ) = —Lig(y)—%lne(l—y),

(2.2.8)  Li, [5(1 —g)] 4+ L, (_ i—i_y) — TRy

= Liy(— y) — Li,(y) - § zeta (2) + In(y) In (i i i) 2
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(2.2.8) Liy(y?) = 2[Liy(y) + Li(— )],
(2.2.9) Liy(1 —y) = — 81,.(y) —In(1 — y) Lis(y) —

——ln(J)ln (1 —y) + zeta (2) In(1 —y) + zeta (3) ,

(2.2.10)  Li, G) = Li,y) + %Im(— y) - zeta (2) In(—

1
) = — Suat) — 3140 — 1) In(—y) + 5101 — ) —

—In(1 — ) Li,(y) + zeta (3) — zeta (2) In(1 —1y),

(2.2.12)  Li, (— : J) — 8,4(9) — Lisy) + 1n(1 —y) Lig(y) + 5 131 —9),

(2213) Ti, (— L _3’) — 8u0) — Lialy) + In(t — 9) Lisfy) + ¢ In’) +

1 T
L zeta(2 )1n(1 iy) + 5 In(y) In(1 —y)]n( Z y) ,

(2.2.14) S10(1 —y) = — Lig(y) 4+ In(y) Liy(y) + # In(1 — ) In*(y) - zeta(3) ,

2:21)  Sia§) = Tiolt) — $uals) — =) — =) Tisly) + zeta(s),

(2.2.16)  Sia (Ilfy) — Tiy(9) — Sya(y) — In(— 9) Liz(y) + zeta(3) +

+ 5100t — 9 In(—y) In (=2

2]
= )—gln 1—1v),
(2.2.17) Sl,a(— —*)=~L13( ) + In(y) Tisly) + 5 Inx(y) In(1 —g) —

—%1[13( y) + zeta(3)

Y
1—y

E

@218 S~ L) = St —g I —p).

2'3. The zeta-function and values of polylogarithms for selected arguments.

G2l
(231)  zeta(n) = 3 =,
k=1
(2.3.2)  zeta(2) = Té_ — 1.644 93406684823 ... ,

(2.3.3) zeta(3) = 1.202056 90315959 ...
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4

(2.34)  zeta(d) — %% = 1.082323233 71114 ... ,

(2.3.6) 8u5(0) =0,
(2.3.7) Li(1) = zeta(n) y

(2.3.8) Li,(—1) = —{1 -——l—}zeta(n) 3

on—1

For values of 8,,5(1) see Korsrg [11]
(2.3.9) Li,(1) = zeta(2) — 1.64493406684823 ...,
(2.83.10)  Liy(—1) = — }zeta(2) = — 0.822467033 424 SRl
(2.3.11)  Li,(}) = % {zeta(2) —1In?2} = 0.582240 526 46501 ... .
(2.3.12)  Li,(—}) = —0.448 414206 92365 ... ,
(2.3.13)  Liy(3) = 0.366213229 97706 ... ,
(2.3.14)  Liy(%) = 0.83327188647739 gy
(2.3.15)  Liy(—2) = —1.436 746 366 88368 ...,
(2.3.16) Liy(2) = $zeta(2) + In(2)In(—1), see convention eq. (2.1.11)
(2.3.17)  Liy(1) = zeta(3) = 1.202056 903130 49 .__ ,
(2.3.18)  Liy(—1) = — $zeta(3) = — 0.901542 67736979 . .

(2.3.19) Liy(4) = Zzeta(3) — $zeta(2) In(2) 4 £1n3(2) =
= 0.53721319360804 ... ,
(23.20)  Li(—34) = —0.472597844 65885 ...
(2.3.21)  Lis(}) = 0.34882786115483 ...,
(2:3.22)  Liy(3) = 0.738060 64483084 ...,
(2:8.23)  Liy(—2) = —1.66828336306651 ...,
(2.8.24)  8,,(1) = zeta(3) = 1.202056 90313049 ...,

(2:3.25)  8ia(—1) = } zeta(3) = 0.15025711289495 ... ,
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S,.(3) = % zeta(3) — 3 In3(2) = 0.094 75300423013 ...,

So(— ) = 0.046 936 455 38206 ... ,

S;,2(%) = 0.03582657938065 ...,

8,4(8) = 0.206214 84184066 ... ,

S;o(—2) = 0.42720966853131 ...,

Re [Liy(y)] —— % In*(y)
Re [Liy(y)] - — & In*(y)

Re[S:(y)] — & In¥(y)

3. — Definite integrals.

3'1. In(y), In(1 —y), In(1 + y) and powers of y.

(3.1.1)

(3.1.2)

(3.1.3)

Jy” In(l—y)dy =—=—

E

f yoln(y) dy — —

0

1
(v + 1)’

1
ﬁnu—wdy=—1,

1

fyln(l—y)dy=—§,

]

T

11
18"’

0

1

fy“ In(1—y)dy = —i—; ;
0

1 r
fy‘l In(l —y)dy — — ;g’é

0

(b<yxl),
0<yxl),
(y >1),
(y>1),

(y>1).
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(3.1.7) J‘ln(l +y)dy=2In(2)—1,

1

(3.1.8) fy In(1 + o) dy = j_t ;
0
1
(3.1.9) fyzln(l —{—y)dy:gln(z)-——ﬁ—,
3 18
0

3

(3.1.10) fy“ In(1 + y)dy =

7

48’
0
1
2 47
3131 ysIn(1 4~ — S
( ) fy n(l + y)dy 5ln() 300

0
3°2. Square of In(y), In(1 —y), In(1 + y) and powers of y.

1

(3:2.1) fy“ In?(y)dy =

0

2
(17

1
(3.2.2) flnz(l —y)dy =2,
0

1

(3.2.3) fy In}(1 —y)dy = % !
]
L -
(3.2.4) fy*‘ In*(1 —y)dy = ?z )
1}
L -
(3.2.5) fya In¥(1 —y)dy = % ;
0
1
(3.2.6) fy“ In*(1 —y)dy = %%%}-

1]

(3.2.7) [1112(1 +y)dy = 21In%2) — 41In(2) + 2,

w
1]

(see (4.2.7)),

(see (4.2.5)),
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(3.2.9)
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1

fy In*(1 4 y)dy = 2 In(2) e

4
0
: 9 16 55
9 55
Y = = 1n2(2) — =— In(2 Pk
[+ pay = g1me) —F i) + 27,
0
1
(3.2.10) y*1n2(1 + y) —éln(‘?)—%
wlia J J y—g o= 288,
0
: 9 92 6589
) — = RO — == T2 A e
(3.2.11) fy‘ln”(l-}—y)di 51n( ) = In(2) 4 9000

0

(see (4.2.8)),

33. In(y)In(1 —y), In(y) In(L +y), In(1 + %) In(1 —y) and powers of y.

(3.3.1)

(3.3.2)

(3.3.3)

(3.3.4)

1
J]n(y) In(l —y)dy = 2 —zeta(2),
[}

1
J‘y In(y)In(1l—y)dy =1 ——;—_ zeta(2) ,
]

1
fyaln(y) In(l—y)dy = ===—
]

1

3 1
fy3 In(y) In(1 —y)dy = T—Z—; zeta(2) ,

0

1

6913 1
fy‘ In(y)In(1 —y)dy = 18000 5 zeta(2)
0
1
J.ln(y) In(l1-+y)dy =—2In(2)— % zeta(2) 4+ 2,

fy In(y) In(L + 9)dy = } zeta(2) — 3,

1
2 1 41
fy*ln(y) In(1 + y)dy = — 2 In(2) — 5 2eta(2) + 1o

0

(see (4.2.9)),
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1
(3.3.9) fyS In(y) In(1 + y)dy = %zeta(m — %—Z 0

0

1

(3.3.10) fy‘ In(y) In(1 4 y)dy = — 2 In(2) — 2 zeta (2) —@
i 25 10 18000

0

(see (4.2.10)),
(3.3.11) fln(l —¥)In(1l + y)dy =2 —2 In(2) 4 In%(2) — zeta, (2),

1

(3.3.12) fy In(1—y)In(1 + y)dy = +—In(2),

0

1
)

-

(3.3.13) fys In(1—y)In(1l 4 y)dy = ;—g—-glnfz) :

0

1

413 46 1 1
3. 4 —— — —_—— 2 = 22 i e 2
(3.3.14) fy In(1—y)In(1 + 7)dy 1135 75 12(2) + z1n%(2) = zeta (2)

0

3'4. Combinations of In(y), In(1 —y) and In(1 4 Y) and mnegative powers

of 1 4+ y.

1

In(y) . 1
(3.4:1) 1—:!‘_—3{ dy = ——“2" zeta (2) 3
f Ing)
3-4‘2 P T T ] _— e— v
( ) a (1+y)2dy In(2),
) 11
(3.4.3) T+ 9P === In(2),
(1 + ) 24 3

1

(3.4.5) fﬂ%@ dy = —-ézeta-(,?) de %1n2(2) :
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(3.4.6) JM dy = —i In(2),
s In(l—y) . Gl
(3.4.7) J = dy = In(2),

(3.4.8) IM dy=—i—_i1n('2),

Inty) 8
(3.4.9) fl 5 dy = 5 zeta (3) ,

0

1

. In?(y) o
(3.4.10) f T dy = zeta(2),

0

1

In?(y) 1 : :
(3.4.11) Ll oy dy = 3 zeta(2) + In(2),

]

(3.4.12) f Lt o) )

L
(14 )¢ 3 6

bl
0

1

(3.4.13) fmz(l —

7 1
———dy = —zeta(3) —In(2 a(2) + - In3(2
T 4zet1(3) In (2) zeta (2) 3 n3(2),

1]
fIn2(1 —g) ! il
n}l—wy i o L 1naro
(3.4.14) J'———(l o dy = 5 zeta (2) —; In%(2)

 In2(1 — 1 1 1
(3.4.15) ng dy = 3 zeta(2) — 3 In¥(2) + 7 In(2)

]
ll 3l 1 1
nz(l_y) o L By = iy = ey e
(3.4.16) J‘m d'i == 2"_4 zeta(_) o4 111 (.-.r) ‘I_ Sln(—‘) i [ o4 b

0
1
1 In(1—1 13 3
(3.4.17) f_%—i—(—yi) dy = 5 zeta(3) — 3 zeta (2) In(2) ,

1]

1

Infgyln@ —y) . - 0 A e
(3.4.18) IHMP— dy_éze-m(.}} 2_1n (2.

0
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In (y) In (1 — y) 1
(3.4.19) f-__T—}-_;)_ dJ—--———zh( )—-hln( )+-111(2)

1
I leg 5 . .
(3.4.20) f___(_l_—_i—_y_)'l___ dy — — 48_2(3{:1(2) — 61112{2) = 111(2) "’— iE)' ’

- @ity 1
(3.:':21) f‘_‘—i—_-,_—-:!——‘— dy = — 3 Zet?i.-(g) y

1
In(y) In(1 - ; 1 1
(3.4.22) f_(_b(‘-l_ilr_(y):f_ﬁ dy = 5 zeta (2) — 51n%(2) —In(2),

(3.4.23) IML+ ) clj—%zetfl())—illﬁ(?)—%

(1 +y)e 8’
_ @ty 1 sty 47
(3.4.24) IW—_ dy = 5 zeta (2) ——gln (2) - —In(?‘} T

1

R In(1 +y)In(1 —y) 1. T
(3.4.25) f_____l_j,—_?—___ dy = g Zeta (3) — 5 zeta(2)In(2) + 3 1113(2) )

0

e

1 1 I
dy = izeta(?)Hiln(z)—gln-mJ,

1
- In(1 + ¥) In(1 —y) R 1 1 U

2k
(3.4.28) flil_(l_"_‘____wﬂ dy =

(1 4 y)*

1
= “‘7§§ + g Zeta(2) 4 =ln( —ﬁlng(Q) :

35. In(1 +y) and negative powers of (1 — ).

fln(l + ¥) —1n(2)

1 afi
T dyz——g{zeta(z)hln-(B)},

(3.5.1)

0
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(3.5.4)
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=T A A

f- T—y): +2(1—y)]dy_ gt =1,

fMn( + ) —1n(2) Lo ]dy:——5——]—§ln{2)
T Ty 51—yt ' S1—y) 16 gl
1‘ln(l-{-:u)—ln(i’-) 1 1 ] &
f_ =g Taa—gr tEi—gr @ 0 —g))™

2 Lt
—"9——1—2—4 I'}_(..;).

3'6. Combinations and powers of In(y), In(1 — %) and In(1 + y) and negative
powers of v.

(3.6.1)

(3.6.2)

(3.6.3)

(3.6.6)

(3.6.7)

(3.6.8)

fmu—m

= —zeta(2
7 dy zeta(2) ,

o

n(l—yg) , 1 , 1 1 B
f_ Y +ya+2y“'3y]dy_ g
0

'l 1

n(l -4

J‘%dyz 5 zeta(2)

0

1

J.wdyzl_gln(g)’
yﬂ

0

f1m1+m_i
0
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2 —~—
(3.6.9) flﬂ (13/ Yy — 2 zeta(3)

0

1 =7
(3.6.10) fil%—i)cu = 2 zeta(2),
0

1
{ [In(1 — 3
(3.6.11) J [n (1—y) ———J dy = 5 T zeta(2), see also next integral ,
]

zeta(2)

__i_

In?(1 —¢) In(1—y) 1
(3.6.11a) J‘[—_;ﬁ—i 4 —-—-—J_J dy =5

see preceeding integral ,

In*1—y) 1 17 il "
(3.6.12) f[ o ——y—yz} dy = 5 R 3 zeta(2), see below ,

0

T

ML o) o 1
(3.6.13) f[ T dy = 1 zeta(3) ,

0

1
In*(1 + 4
(3.6.14) f——LE;—i_—J—) dy = zeta(2) — 2 In2 (2) 5

0

1

(3.6.15) f[%ﬂ%sj‘i)_ﬂ dy:g—é zeta(2) —21n(2),

0

1
In}(14+4) 1 ol bl 4 2
8. — e = & = — _ & Zzeta(? =In(2) —Z1n2(o
(3.6.16) f[ i y’*Ty dy 2—{—3zet1()+31n() 3111(),

(3.6.17) IM‘ L) gy —gzet1{3),

Y

1]
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(3.6.18)
(3.6.19)

(3.6.20)

(3.6.21)
(3.6.22

(3.6.23)

(3.6.25)

(3.6.26)

A. DEVOTO and D. W. DUEKE

Jl‘ln(l +y)ln(l—g), _

3l
s —§zeta-(2-)—1n‘*(2) )

0

J‘:ln( yin(l_ﬁ ; J] dJ———+—zetd(° )=t
F[In( -+ ) In(l —y)
.[_ y* +y]a1 I’

2 1 5 21 ) 11 2(9
_—_—g—gzem(-) +3n@)—zln (2),

1
J‘ln(yl lr;(_l—_’y) dy = zeta(3)

1]

f [ln(y) In(1—y) 0 1”(3’)] dy = —1 4 zeta(2) ,

y® Y

0
2k

In(y) In(1 —y)  In(y)  In(y) 1
f[ % -+ " - 2y ]dy ——i—:zem( )%
1]
1

n@)n(l—y e  he bhe), 1,1 .
f[ Y =r 7 i 5y + 3y ]dy— 54+3zetft(2)

1k
In(y)In(1 -+ 1 3
J‘J%:F_ﬂd? = —zeta(3),

f [In (y) In(1 4 ¥)
L y*

In()] .. _ 1 - :
- ]dy_1+§zeta(3)—21n(2')s

[In(y)In(14+y) In(y)  In@]. 1 1
f_ m — - % dy—s 1 zeta (2)

dy =

f'ln(y)ln(l +y In() , In( In(y)
I y G )

B

5 1 2
_ 8 Loy Araieh
= 6ze‘ra( ) 9111( )
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3'7. Square of In(1

17

+ ) and negative powers of (1 —y).

2
dy = 1 zeta(3) —zeta(2) In(2) + 3 In3(2),

J’llr_ﬁ(l + ) —1n?(2) il

1—y

) —1n%(2)

J‘ [In2(1 + ¥
(L —wy)*

In(2) 1 :
e —y] dy = 5 zeta(2) —In(2)

[In2(1 + %) —In%(2) In(2) ln(ﬁ)—l]d -
= (1—:en==+ n—p Y
1 7 1
=: + 5 zeta(2) — £ In(2) + 710%(2) .

3'8. Dilogarithms and negative powers of binomials and of 1.

(3.8.1)

(3.8.2)

(3.8.3)

(3.8.4)

(3.8.5)

(3.8.6)

(3.8.7)

(3.8.8)

ik
f.ILz(y_)dy_—_
T4y

0

1

—%zet-a(i?») + zeta(2) In(2),

ofuLi(?)z dy = 3lne),

I(lLi(yy))a dy = % zeta (2) —iln(z} i i 1n%(2),
01(‘11%% 21 ' % Et'a(‘—})—z%lu(?)—|—%ln2(2),
leiin_ dy = 1zeta,(3)—%zeta( )1n(2),

f de:—lzeta(“"ﬂr > In%(2),

fﬁlﬁ:ﬁ) = %—;gzem(?) —%lnw) -5 -;—1112(2),
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1

i(y) — zeta (2
(3.8.9) leg(y) ZELEA)) g — — 0. 565AB)

L=y
0
1
Li,(y) — zeta(2) , 1 —In(1—y)
8. RN |
R .” (1—y)2 = L ’
0
1 -
(3.8.11) ﬁ [Lig(— y) + é zeta-(?)] dy = — g zeta(3) ,

0

In(2)

A , 1 .
(3.8.12) f{(l = [ng(— y) + 5 zet-a(?)] = ;?j} dy =

0

1
(3.8.13) IL—I;;@ dy = zeta(3),
0

1

, sty s o o
(3.8.14) f [ e —g] dy = 2 — zeta(2) ,

0

1

(3.8.15) fIﬂi(_ Yy = —2- zeta(3)

y
(1]
f[L
i(—y) , 1 1 o Ll
(3.8.16) .HTTQ] dy = —2 + 5 zeta(2) +21n(2).

0

3'9. Powers of y and megative powers of (a -+ by).

- 1 1 a -+ b
(3.9.1) _[a+bydy=31n( = ),

Y s a-+b
9 —_— —_—
(3.9.2) fa T dy = 3 ‘b aln( ; )] )

(3.9.3) f L =Y = ‘—b—{—(a-i—b)ln(a_:b)],

e 1 b2 a-+b
(3.9.4) faibydy:ﬁ E-—ab—i—aaln( 1’ )],
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1
b e 1 [ 1 a--b
(3.9.5) ‘I’! Ay =~ |7—zab*+ a®b—a3ln [—Z s
a -+ by b4l3 2 a
(i

1

1l 1
oy =

L. : Y L b a+ b
(39{) fﬁw dy:’b—z--—a_{_b"f—ln( = )J,

2 Lo ab ey a-+b
(3.9.9) fmdy_ba b+ Qaln( )],

1

y? 1 [b® a® a-+b
9. — _dy==—|——2qh — =2
(3.9.10) f(a i dy = 5 e T80 In( )] :

i ol 1
B8 ) ffa+zu '_:T[a—ﬂ“(wrb)e]’

Y 1
3.9.12 — dy = —
R f(a+by)”d” Sa(a + b’
(1]
1
1—y 1

N e A

1

y? _i_ b b? + b
(3.9.14) fmdy—bs[ at+b (a+b)*+]n( a )J’

0

1

o y? ] 2ab ab? a4 b
0019 [Gatmp =i+ Bt g sen (Y]

0
3'10. In(a 4+ by), In(y)In(a - by), In(1 —y)In(a + by) and powers of .

1

(3.10.1) fln(a + by)dy =

0

a--b
b

In(a 4 b)—glu(a) — 1l
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(3.10.2)

(3.10.3)

(3.10.4)

(3.10.5)

(3.10.6)

(3.10.7)

(3.10.8)

(3.10.9)

~ -0

A. pEVOoTo and D. W. DUKE

- 1 b?
J‘y In(a + by)dy = o7 {(bﬂ~ a?)In(a + D) + @ In (@) = i ab} ,

0

1

j y1n(a + by)dy = g—{(a3+ 5*) 1n (@ + b) — a*In (@)} —

0

1, a a?

—9 " 6b 32’
: 1
J'Sln( + b)WY = 5 (b‘——a*)ln(a—;—b)+a41n(m)}-
' 1 a a® a’
—16 T 125 8b: ' 4b%’

1

jln(y) In(a+by)dy = %{aln(a}——(a—l—b) In(a-+b)+aLi, (—%)} +2,

1

J.y In(y) In(a + by)dy = Ilb—g{{ag— b?)In(a + b) —a® ln(o:)}—
b 1 3a
o L ( a) tITm

J.yzln(J) In(a -+ by) dy #*—{aﬁ In(a) — (a® 4+ b*) In(a + b))+

0

0

A b\ , 2 Ha éar_g
+3T3L12(_&)T'2?"365+952’
1

1
[rmwm +mar= g

0

) In(a 4 b) — atIn(a)}—

A b 1 Ta 3a? ba?
— it (' E) + 35 Tamp " 3200 165°°
1

;
jln(l —y)In(a + by)dy = 2 + lb Jla In (@) —

- b
—(@+D) [ln(a L ) - T (m)]} ,

1

(3.1(5.10) jy In(l—v) .111 (@ + by) Az d = {a,(‘)b —a) In(a)

0

+ (@4 o3 nfa + )} + T Lig( :

2b*
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1

(3.10.11) fya In(1—y)In(e + by)dy =

0

1;53 {a(zm— 3ab -+ 6b%) In (a) —

— (@ + b)(11b*— 5ab + 2a2) In(a + b)}—

b3+ a® _ . b 71 17a . 4a?
== e AR e e
3 b (a B b) T 108 365 ' 4’

1
(3.10.12) ffya In(1 —y) In(e 4 by)dy = 4854{a — 6ab* + 4a?b —
0
—3a%) In(a) + (a + b)(256°— 13ab? + Ta2b — 3a®) In(a + b)} Iz
LA D 35  49a | 29a® Ba®
g (a +b) T T2 144b " 96b® 16b°°

3'11. In(1 4+ ay)In(1 + by) and powers of y.
1
(3.11.1) fln(l +ay)In(l + by)dy =2 +In(1 + a) In(1 + b) —

[i]

-%mu g -;_b]n{l S [111(1 4 a) ln(a;b)—i—

.
a
—|—Li2(— L)_Lia(—bm)] —|—%[1n(1 1 b) 1n(b;“)+

a—Db a—b

: a : i LAY
s}l

H’ In(1 + a)ln(l + b) lj“

In(l 4 a)—

a—Db b—
2 In(1 4 b) + ah [ln( i )ln(l b) +

(3.11.2)

0!___1'_‘

1
yinGt +ap @ +omdy =3 -5 (5 +3) +

1-+4a

+1n(1 +a)In(l +3) + —

1n(1+a)(§+1_“)+

. —ib
+ 1 ma i+ 50 - () me o +

2 b : 1+a 1 b—a
—,L-ng(—- a_———b)_ha(_ba—b)]_ﬁ[m( 2 )111(1 + b) 4+

=]
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313, Combinations anmd powers of In(y), In(l—y) and ln{l + y) and
negative powers of (¢ 4 by).

1
1
(3.12.1) J‘#{ﬂ;y dy = % Li: (_ 2)=

L]

1
(3.12.2) fﬁ%ﬁ i __ﬁ T (f_:;i’) J

1

| o I (o) g &0Y o < b
(3.12.3) J-{G T by) dy == X [In (—-E—) -+ L]E(— E)] ,

0

1
, (1 — ) In(y) 1 (a6 ft b : b
3.12.4 LAY e e el il 2y
i f @+ by bi @ m(f+)FL”(aH’
4]
' Infy)
; 1L {y ALl e SO Y e 1 O
{3.12ﬁ} md]‘f = S [ﬁ T h. | R ]Il( o )]'
4]

s In(y) 1 3 a at a b
ouser [ty =g - 2+ ot + oo (0]

1}

1
L In(l —y) ]..( b )
3,12, el ina T e By ] [ S
el s i o
[H]

1
o I S a - b
{3.12.8) —_ = ba T 0) ln( 1 ),

(@ - by)?
11 {1 ) 1 + b
ot T O A [ L
gt ) e e TrE T _ﬂﬂ.’“( a )]’
1
ol ey L D ] R e o G
(3.12.10) jmdy— 5 LB -ﬂ+2ﬂ_“ | bl'( S )]!

1
T
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(3.12.12)

(3.12.13)

(3.12,14)

(3.12.15)

(3.12.16)

(4.12.17)

(3.12.18)

(3.12.19)

(3.12.20)

(3.12.21)

‘]11{1 4+ ¥
{a 4 by)?

L
Fln(l +

ln’{,.r'l
o - |— by

,[ (a -+ by)*? dy

)

Wl L
o

J‘ ln‘{y
Ea-'-i’ul“
Ind{y) e o b : b
L’;E'Tu'y" W= B LH 5T ”“( a ) ﬂ”“(_ }1)]’

In?{1 + 4 U)o b A 2h
J' 5 -I— f.' d_f — E ]:g]-_ﬂa (-— ﬂ.__—b) 2 IJIJ (—' E—-_{Tj) |-

1]

J‘ln‘{! il y)

F Iu}’

1
In#(1 -{—'y_]l :
d (e + by)

_l_m(m + b

a

1

= = [Li‘ ("'

¥ b{al—w [Li" (""

_.Ii{2] 1

(43
= b“+ﬁa--b}m(m—|—b)’

S I (2 1 1

) i
(@ bip 2a{ai— b t =R (a 2 h) ’

_ 2(b*+ 3a%) In(2)

3{ar— o)

42~} ab — b*
Bat{ar— byt

1
+ Bb(a — by l"(a.

a
+ b}’

u,r—-—%m,(wg),

b
“”EE.T‘( )
___1“ o = b e _E
_:b‘b[m( 5 ) LL_.( a)]'

-+ 91n(2) L, (_ ;TE'#) + In*(2) In (Z”’_‘:) ;

ﬂib)_bi*(“£5)+
m ()] +
-+

'j 4—b 2 : 0y LB (3
(2110 (S )| + g [almE)— (o - DI 2]

o+ b

2 In*(2)

+ 1n (2} o
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1
I (y) In (1 — b 0
(3.12.23) J'L':[il%w_m Qy == Ll,( )_

Bl S e o B
(3.12.24) J. --'Wiﬂﬂ.] dy = LJ:&EEI (u-—I—b) :E{-:l-‘_l_i'!]ilﬂﬂ( E)

zum[’] 1 1 . 1 a4 b
Safa + b:( 3 —“a-m)“‘aﬁ;ﬁ-.aﬁ“l( ” )

(4.12.258) n{y il g dy = 3 {rl; In (%ﬁh) [ln' (t;-ﬁ) — In’{ﬁ)] i

- ln _ﬂln{l } ] R 1 2 . __E
(3.12.26) J {mul--i:ar;]‘ iy = b{h—ﬁ[z geta(2) 4 Lig ~H)]+

,__%[m(ab—a)l' ( + )-|-ng(“+':) +
o % zeta(2) — Liy (E-i_-.b)]} -

313, In(e | ey) ond negative powers of (a 4= by).

1
In{e 4 ey) — ae ¢4 b
(3.13.1) j. T dy = [ln( 3 )ln( = )—

I
AT T L T ae \
Tl (e ae — bﬂ) i (ae — Em)l 2
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(3.13.2)

(3.13.3)

{3.13.4)

314,

(3.14.1)

(3.14.2)

(3.14.3)

(3.14.4)

(3.14.5)

{3.14.6)

ln[ﬂ + &y) Fn [ﬂ
o + by)® Uy e

In(e -+ ¢ 1 he — 2ae 1 -nﬂl (:zuﬁh)!_l
_[ta+by} dy = A[!Jr: aa}*[ ad 2nita) ] i &

i}

T ) : e(bo —mﬂ]
+ jﬂqm—:b;r (eteiinler 0+ oETy ]
" 1n (o + ¢p) T [ﬁ'*"ﬁ“"ﬁ'.“i“!‘.“’cln{c} <&
| T @ = So— o
: & a - b\ bre*—ce - e*) 4 Bale?— Sube(t — ¢) (¢ -4 e)
u--—l ( % )““—"' (4 1 b)® :
o(2a -+ b)(be — ae)* _ e*(be — ae)
‘Info 4 ¢) -+ { Sat(a - b)? afa -} b)

Integrals containing logarithms and inverse monomials and binomials.

nlut,u ot i:-_,f} { }'141 e (_ E) :
28

o ¥
1' [1“(“‘ st el {“}_i] i [b — (a3 lu(‘“ + ”)] ,
it oy fh it

=

‘.13-{0: =+ Br) —}nt[m} dy = 2 In{e) Li, (—-» g) + 28, (—— %) '
N

=g

| Int(e + by) — In¥a) 35, {a]] dy = l{_ 2(a -+ b) In (tI : b) =
il . o I =

L 2b1n(a) —{& + b) In* ("’ :: b)—- E.E'Lia(-— g)] '

ln{a-'r Ei:gr] 1
j Aty o8

]

In (‘” *’)[xn (@) + In(a + )],

U]

11n(a—|—by) e L 1:1{:3}__]11{@4—!1}’
j[ﬂ—kb@a‘}“ dy—a-{a—kb}Jr ab  ble+ b

o
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In{s + by) 1 1 In(s) In(e 4 b)
(3.14.7) f [n+bu}* ﬂy—ﬁ[g—{m+w] T Sath  2hla | B

3'15. More complicated integrals confaining logarithms and inverse monomiols
and binomials,

(3.16.1) jlnt1—yh;11[1 W) gy — 8, 4(a) + Liy(a),
-]

1
(3.15.2) j]“{”];“iy W)y = 28, (a) — Tils(e) +

]

+ In (1 — a)[Liyfa) — zeta(2)],
(3.15.3) jlﬂ'i____,,_*g el W ay = $400) — 2Li(a) +
- In (L — @) [Lifa) — seta(2)] ,

1
(3.15.4) I lni] _qy_}q:r_n'zj;_—_.l—j;,r_‘,l dy = 8, 4(— a) + Sy al—b) —

n

it Y a «—b a4 Gt
e Eh"' (E) In “_ + b] ..t_ 1n (E:) [Ltz (—- ﬁ—-) e .T.lg (?l'-['l -—.[- b])] i
a—b @ =2 ol
—_ .SL,Q( P ) + El.! (lﬂ-{_l __:I__b}) S Sl,ﬂ (] -|— b) !
J‘llﬂ[l <+ ay)

) (it .
1--—+ 5 dy = {ln( - )111[14—:.}—|—

S [ R
+ 28, g(a l—g)—-zsu(g-“—ﬂ)} !
(3.15.6) f e (= ¢ {ma(g)mu +0)+
ol - Qe
+21n (E) [Li2 (‘;

—b . fla—Db)(1 + @)
—c)‘“ﬂ (r_a o -&:n)] 5

(3.15.5)




TARLE OF INTEGRALS AND FORMULAT FOR FEYNMAN DIAGRAM CALOULATIONS ay
— i =D a—b
2|8 LSl | —8
+ 1R T HEla(l 4 b} Wla—e¢ T

+S"“({a_m iia)]}

ﬂmu+m+

T
Infl In(l - b
(8.15.7) +f“’_}1_;; o) gy — ﬂ{ In =(

u_l_ émz("'ﬂ Ei)m[ i u}—}jmf( )111[1 + B) -+
o) )
- )
_ﬂm&§g+3u(%§ﬂ s”(b) su(2%+
- )
+ 1 (a) [“ ( . b)—“ (anf: T h})] i

e () o (=)~ 6=

(3.15.8) J.'“{wlhfbj' ) gy _.%

o5 oo 20 )
(1) o (S22 -1 ()|~ +
o (f ) () -5 2) + 5 (=)

3'16, Dilogarithms and negative powers of (o <4+ by).

{-- L1+ b) [wu + a)—

|]E-:|I.|E,|'Id al
,[‘Il':
b

fl a .i'JJI
1
: Lijly) . _ zeta(2) 1 .. Gl
{31531 f [G-—+h3,|'}2 113-’ BT ,m.[g. —l— h} ah ng (ﬂ, + b) 1
L]

fa+b '
(3.16.1) In | | zeta (2) + Lis | _”) L ( o
T \ L 1,2 f
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1
(3.16.3) J. T _:' P dy = Dk [b{a 4B} In (a. + b I

zeta (2) 1 1 g b
e (E+m+b)_ﬂm*(a+b)}’

Lal: 1 1 Ja - 28 a-+ b
Brod) [t dy=-—{ Sin (S50 +

(60— by)? 3¢ | 2ala I b 2abla | b

el ] ()
fﬂ-{—h[ﬁ;”u{m--l-b] (@ + by*| atd “\a 40/

1
{3.16.5) J‘IL‘{,_ m iy = % {% wota (3) 4 %’-zuml{i’r} In (-i-) —_

@ -+ by a - b
1]
L&A fa -+ b i . fo—hy . fa—E5
s In |: .’;_-““ | | +1In |: ; | | Lis |: 1« Liy | s L.:I |
b o —b : i — b b—a
(= = (7))~ 5 ()
1

il Tiy(— o) mota(2) | 1 (uua-) (u s b)_
(3.16.6) mHJ‘ dy = T b}"l = In = In =

o

() i)

8°17. More complicated integrals containing dilegarithms and INVOrse Mono-
mials,

1

: Ligla +by) o0 L oqs 1
ary [t ay = wie +9) = Lo,
(3.17.2) J.Pll’{—?%ﬂ dy = % {ln{l o= &) Liy(— ¢} — In? (%)lm[l + b} =+

=+ B al— )+ Byy(—B) -+ In (%) [.L-sg (“ — b) A (H)] =
SE G

Ligla + by) -— Ligle) - % J _EJ“
(3.17.3) f = L y - dy=1In(1 a}Lxg( ﬂ).

- 1—a—5
e

(=1 8 ]
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1—a—5 ’ —b — b
= ("1 i ) [L‘ (mu$m) 1, (‘f::u)] +
4+ In{l —a) [Li2 (ﬂ'{ﬂ ;‘E)-— Li.i{a-]] Li, (-— —) -}

ey —b . — b alw == D)
i Lla(n-{l —— b}) il (I"_m) — 8y ela) + 51.1( b ) ’

L
Li,(h — ay) ol
(3.17.4) J‘-l—m—dj—:{ln{l + ¢} Lig{h —a) |
']

it -+ he b—a ) i —__—bﬂ
s ) e 20) (-

1

J‘ﬁ-—'l- -In (1 + Gi:lh'l( J-iby)dy}{‘}.

]

— Moment integrals.

4'1, Notation.

(4.1.1) Si(n) = )]

T |

T

[
[t

(4.1.2)  Byn) = Z

:l"‘l;_.

e 1
(4.1.3) Maln) = 2 i
o=l b

4'2, Moments of logarithms.

1
A

421)  forinfe)de = — [ﬁ :
ui
(4.2,2) ;:E"ln‘[m}ﬁ;r :ﬁﬂ;’ :
- I}l
423 (oo de = _ﬁ'ﬁa :

13

{*) Ses integral (3.15.7).
)
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1
(4.2.4) fm In(l — ) de = —

Sin 4 1)
nd1 7

1 "
(4.2.5) J.:rnlﬂ“{l —a)de = -—-EI— {S:[n + 1) + ﬁg}} :
% T 1

i 1
7 bt i T
(4.2.6) Jﬁ In {J_—m}dm——ﬂf;l_—-{ yin -+ 1) - ;-21 F 1P I
L& S 1w Bniiil}
L e D s

(£.2.7) fmﬂln (1 + o)do = = ”"[—.ﬁr,m+1:.+l+{ Ll S;( )-1

w1
+'_ ( ) o+ [L 4 (=1 { il
(4.2.8) jw!n“{.l + m]da:-=:3+{_:uln :'::f;-war Un(l - a)dz
ﬂ [0+ (1] ,L”f} .

(4.2.9) @ In (@) In (1 — &) do = Sifn 1) 1

1) w1

[zrltm:ﬁ}}— gt == 131,

1
-

L zeta(?) 14 (=1
(#210)  Jerln(@) Il + a)dr = g i e e e B

e e ﬂ(g)|

In(2) +

w1
L 1—(—1)p  n1 :~11"i{[_,
+=—a (= )]*{ww Siln + 1) +

14 (=1 o 1—(—=1) . (a1
T L i o

3 ta 2
(4.2.11) J} Int(e) In (1 — o) = —— [zeta{.?.-‘l Pl
S;[M o 1} _31{1‘1 "|_ l]
T 4+ 13® -+ 1

Q

;S.,m-'rn],
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1

{4.2.12) jmnln (@) In3{1 — &) do = ;i—] { zeta (3) _ﬂ 20
. a1 [8G41) 8+ 1} ;
_1-zet-a{2]S1(ﬂv1-1}~—j§j_l_l[ TF 1 + e H+1}]}-

4'3. Momenis containing polylogarithms,

N i = :l . ﬁj‘_[ﬁ_r. ]}.
(4.3.1) J.n I;l,(:ﬂ}dm_-ﬂ_l_l[zetsurj]- P ]:

a

1

" A [ meta 1Lt
{4.3.2) J.fc Li,(— a*]rlsu._ T { 5 iy log (2) +

+ - im0y + LRSI (5)+

P
T
pizt m(z ﬂy

(4.3.3) J.m" log (@) Lig(w)da = ﬁif_l}i [—u‘,l zeta(2) -

]

ol
428D | g 4],

1

(4.3.4) Im“ In(1 — a) Liy(a)de = ﬁ—-ll-_i {1 — 2 zota (3) —
1 5 8,03)
—mMﬂMw+1+F—{Mn+n+zg J+

e
'ETHJPL

1

(4.3.5) fﬁ-‘" Liy{w) dar =

1
n 1

zota (2) §1{ﬂ. -|- 1}]

[ﬂeta{ﬁ)«—ﬂ+1 -+ w3 1P

1

(4.3.6) Imngx,gtmjdmzzﬂt&ﬂSJ o 1 [JS i T z S.(4) ]

n41 (B 1) =

0

5. — Indefinite integrale.

L@ by One + by —11,

=

61 [ine+pay =



a—fr =y

=

(5.6)

(5.9)

(5.10)

(5.11)

{3.12)

(5.13)
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1 a E &y
J‘yln{w + bndy = 5 (’y“—ﬁ)ln[af —+ B ﬁJI + 5

n;*:r,-

fl 3
frmie -+ way = 5= mie + o0 =5 + 5= 551

In(y) . | ,
jl%% dy = ﬁ [log{y) log(1 + ay) -+ Lis(—ay)],

LIC) NPT P y_)__ ln{z.-}]
(14 ur,r]' @ 1+ay 14+ay]’

In(y) . 1_ D L o L _]
A+ ap Y = 2 [1” (1 g :w) T+ a1+ ag)’
In{y) _i[m ( ] ,)_M_ - ?*+“M]
(1 ay ™ 3al \L4ay) (1-+ay)? 21 - ay)®

In*(y) i e
fl+ ylf-—*[ In®(y) In(1 - ay) -

+ 2Liy(— ay) — 2 In{y) Lil—ay)],

InMw) o plndy) 2 oL | %
j{ 1 - a;.r]' dy = T+ay @ [Lig(~ ay) + In(y) In(1 4+ ax)l,

i) ik E..i:“‘-.*:‘.)# e
1oF agp iy == = [ln( 7 In(y) In(1 | ay)

— Ly (— ay ‘J—[—

lu{u-l-!u;] 1 e — be ¢+ ey
v vl o )lﬂffw-m( v

1"1{'!] o, i ay)iead ln'[y}]
ay - 2(1 4 ay)? i

pln{m-l—by)ﬂ _1 _I_n{a+i:y}+_ b ln(ﬂ+6£)]
J le -t ey)? @ ¢ -+ ey ne — be a -+ by

(ln(e +-by} , 1 In(a 4 by) bt o+ ey
J e+ ey)? g = [{f;—:&y}i o (M—bcjtln (a-—[—-by)+

, b
T {ae —Dbe)e -+ Eyl] :
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APPENDIX A

Evaluation of a few selected integrals.

Consider the following integral:

]

(A1) I{w) = J‘r:m. Yy,

where the limits of integration a, b possibly depend on @, The derivative of I
with respeet to @ is given by Leibniz's formula

1] i fra
(A2 & 110) = oy by 1y 0 [ [ 0 .

This formula ean be helpful in evaluating double integrals. For example consider

1 1 1 o
(A.3) J{l.:r.[ b w‘ﬁ’? dy =_[ %ﬂ tlm*flnaﬂ —y)dy .
1 L1} [H] ]

Integration by parts with respect to o and use of Leibniz's formula yields

lﬂ’{‘m—_‘ﬂ} do = — 2 4 2 zeta(3)

i 1
— [~ ypag + [
L] il

(sec integrals (3.2.2) and (3.8.9)).

Home integrals may be evaluated by first differentiating with respect to
one of the parameters oceurring in the integrand. This may considerably
simplify the definite integral, which may become of o known form. The final
gngwer i then obtained by finding the appropriate indefinite integral with
respect to the parameter used in the differentiation. Using this technique,
however, additive constants may be lost or introduced: to overcome this ob-
stacle it is necessary to evaluate the starting integral for some gpecific value
of the parameter and to correct accordingly the final result. To make this
technigue more transparent consider the followingintegral (seeintegral (3.15.1) J

{A.d) H :J- In{l — ﬂf]rin{]- — %) 1z |
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Differentiating and then integrating with respect to &, we find

1
In{l —ax)
— Lz - —
e - ponst

(A 4} g = —-fﬂr]

o _J' '!; 'Li.(l__ﬂ' )rla +eonst  (see (3.12.7)) .

1

Using the identity (see eq. (2,2.8))

Li, ('I‘t-:.) = — Li,(a) — 1. In*(1 —a) ,

wo obtain

(A.db) H = Liy(6) + 8 4(a) -+ const.

Bvaluation at @ =1 shows that the additive constant of integration is iden-
tieally equal to zero in this case.

(A.40) H = Liy{a) 4 8i4la) .

This technique can he quite useful in evaluating integrals with the help of
MACSYMA: in particnlar, the integral just digcussed, which in the starting
form oannot be evaluated by MACSYMA, becomes computable following the
above deseription.

Intagrals containing polylogarithms can often be evaluated using an appro-
priate integral representation of the polylogarithm and subsequently either
integrating by parts (Leibniz's formula may be of help here), or interchanging
the order of integration (see BAmBIERL[7]). For example, consider

y

e v In{l — o)
(A.5) ¥ _J——rl_?t!y = le_ﬂy:]yJ" : dx,
] ] 1]

ir

where we uged

Integration by parts using Leibniz’s formula gives

(Al Y = m]‘[ }%‘ﬂ dz ~J‘ lng'zly“:ﬂ ) =
LI} Q

= —In(1 — a) Li.ja) — 23,:(a) .
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& number of additional illustrations of useful tricks are contained in appen-
dix A of BARBIERI [T].

Finally, let us consider in detail the evaluation of the following integral
(see LEwIN [B]):

{A.Ba) J =fi—£ln{1 +ax)In(l + bx)de  (see integral (3.15.6)).
To evaluate J, we use (see eq. (2.1.5))
L
(AT) f S1%(1 o a2) 4o = 28— 0) -
o
Then

1
(A.6a) J‘%mv (l;-*--ﬁi“-") da = 28, 4i— 6) — 28 4(— b) —

1
—zﬁlnu + an) (1 + bo)da .

L

On the left-hand side of the above equation we now malke the Iulluiving change
of variable:

1-ay
(8.8) T e
Hence
1 ] '
1 14 ax & 1 b
(A.6D) J-E In? (1 o bm) dr .._J.In‘{!'}]'['af;—i =i a-—-—by] dy ,
1] 1

where % = (1 + a}/(1 + &).

Oonsider now the fiest term on the right-hand side: the integration is im-
mediate once we perform the change of variable § = 1 — 2z, and with the help
of the tables we find

(A.6¢) f —=— Int(y)dy = 284, (1 = :)

To evaluate the second term on the rvight-hand side we let

El

(A.9) y=o{l—2).

m"
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The limits of integration are now

A = L—'b— and B = a=b

{1l -+ b) &

The integration is straightforward and we find

1k

il
: b 1 ay @
iﬂ..ﬂ-d':l J. E:il-_;j ]Tlt{y}{iy —a-J- -E [].I'I.n (E) - 2 In ('E_J) In{l —z) -
d

1

+ In3(1 — ~}] e = lnﬂ(b) In(1 -+ B) + 2 [s,, (—{Tb]_
g -]

Thus, collecting all the terms, Wo find

() e :f’)] +
i) sl 5o (53]

Phug, finally, we have

1
(A.6f) J.é In(l 4 aw)In{l + bojde = 80— a) + Sial—b)—

—ljn-( )lm{l—i— ) —I—ln( )[In, (“—&—b) L’*(aﬁ'l%ﬂ“
el

The method shown above iz useful for the evaluation of integrals of the form

1
¢+ fz

[ALD) In (e + bx)In(c + dz) .
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APPENDIX B

Power series expansion of the more common polylogarithms,

We want to expand Liy(#), Liy(@) and 8, .(@) in power series in order to
be able to write efficient and fu.at computer codes capable of evaluating them
with precigion as high as desired. Consider

(B.1) L, (%) = — 1‘”:—1;-?1 dy .
Tet o = 1 — exp [—1]

B.2) Til, () = I_J_ L
i (@) = exp[tj—1 '

where # == — In(1 —a). The integrand in the above expression is the generating
funetion of the Bernoulli numbers B,, thus

3 Li a B A
i s If i Z "
In o similar fashion starting from

In*1 —
(B.4) Hal) m-_[ M=) gy

and performing the same change of integration variable as above, after a
simple integration, we find

o n+i
(B.5) Suale) =— 3 (n+ 1}3,,[%"'*&—]_23-T [t = —In(l—a)].

Finally, in the case of Li; we have

(B.6) Li, () =f ]—J%E} at,
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thus, using the expansion for Li(z}, we obtain

e "1_ ]t
o) = 3 gy B § - lnl =01,
¥

We now let § = 1 —exp[—z] and perform the z-integration:

il 1 ke a 1— v __1—. L it atl
[Bul} Iﬂﬂ_m]‘ S ﬂzﬂ {'ﬂ- —k‘ 1}1 Hnmz.u. (m _|‘ h +1]!BM[{m ] ]}ﬂllu i 1

where (m - 1).= (& - L){m < 2) ... (m 4 «) is the Poechhammer gymbol.
Thus, finally

B.8 Liw) = 3 5 4 B,B 1] =
(B.8) -aam}-;“:%g—! o Bydllp —1 - ]"][i‘?-l-'l:l!'

These series expansions are most useful when |e|< §. For evaluntion with

|#] > %, and in particular @ > 1, which leads to imaginavy paris, the identities
of subseet. 2'2 are nsed,

Arpmrpix C

Identities and power series expansion of sums occurring in moment integrals.

The partial sums ocourring in moment integrals (for the deflnition see gub-
sect, 4°1), satisfy a number of identities. Some of the aimpler and more comInon
identities are shown below. A more complete table can be found in Gonzales-
Arroyo [10]

(0.1) ; 8(4) = (n 4+ 1) Sifn) —n,
©2) S8 =5 ISP+ g 8w,
=17 -
(0.3) ;: 8a(i) = {0 4 1) 8ulm) — Si(n)
(0.4) fz % 84(7) = By(1) Sufm) -+ Salm) — é ?i 8.04) .

5 e 1 o
©5) 338U =5 Sm—3 8+ X 5 80),

H Jmi
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1 1 1

(C.6) Si{n) = In(n) + c+ﬁ—@+m+---:

where € is Euler’s constant,

oy L it 1 1

(C.7) Syn) = zeta(2) — = + 55— 55 = eriy
¥ _ 1 1 1

(C.8) 8,(n) = zetn(3) e - R + v
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